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The feasibility and efficiency of characterizing the mechanical properties of visco-
elastic and visco-elastic-plastic materials and their thin films by using nanoindentation 
techniques were studied both theoretically and experimentally.  
 
Analytical solutions were firstly derived to the flat-ended punch indentation of linear 
visco-elastic materials. By combining the visco-elastic solutions and the Genetic 
Algorithm (GA), an efficient reverse analysis procedure was proposed.  The visco-elastic 
solutions and the reverse analysis procedure were verified through shallow indentations 
of polymers. It was found that the reverse analysis procedure was efficient and the 
uniqueness of the reverse extraction can be checked.  It was also found at least two visco-
elastic timescales were required to capture the long-time visco-deformations of polymeric 
materials.  
 
To capture the irreversible deformations of polymers in sharp indentations, a visco-
elastic-plastic model was proposed to describe the full range of deformations. The 
constitutive model and its finite element implementation were verified by both uni-axial 
tests and indentation tests. A five-step indentation test scheme was proposed to separate 
the plastic deformation from the elastic and visco-elastic deformations. From the plastic 
deformation, the plastic parameters can be determined by using two indenters with 
different geometries; and from the separated elastic and visco-elastic deformations, the 
visco-elastic parameters can be determined by using the concept of effective indenter. It 
 VIII
was shown that the mechanical parameters determined in this way were consistent with 
those determined by using a flat-ended punch. In addition, the constitutive model gave a 
good prediction of the indentation behaviors in other loading conditions. These findings 
not only confirmed the proposed visco-elastic-plastic constitutive model and its 
numerical formulation, but also confirmed the test scheme and the indentation model.  
 
To characterize the mechanical properties of polymeric films by using flat punch 
indentions and sharp indentations, the substrate effect was considered and semi-analytical 
solutions were derived.  It was shown that the visco-elastic properties of polymeric films 
can be uniquely determined through nanoindentation tests. The results showed that the 
elastic and visco-elastic properties of polymeric thin film materials are insensitive to 
indentation depth; however, the viscosity is sensitive to the indentation depth due to the 
influence of hydrostatic pressure.  
 
The indentation of a pre-stressed membrane overlying a soft visco-elastic substrate 
was also investigated. Analytical elastic solutions were firstly derived for shallow 
indentations and then extended to moderate indentations. It was shown that the 
membrane cannot be neglected in interpreting the indentation data when the size of the 
indenter was comparable with a well defined length scale. This finding suggests that the 
conventional Hertz theory or Sneddon’s solution may be insufficient to describe the 
indentation behavior of a cell if its structure is represented by a bilayered structure on the 
first-order approximation. It was further shown that the contributions from the membrane 
and the soft substrate can be partitioned and their mechanical properties could be 
 IX
determined individually. Visco-elastic solutions were also derived from the elastic 
solutions. It was found that in an indentation test, the dependence of the visco-elastic 
hysteresis on the loading rate is controlled by visco-elastic time scales. 
 X
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Chapter 1  
Introduction 
 
Nanoindentation, also known as Depth Sensing Indentation (DSI), evolved from 
early macro-indentation but has much higher resolution of load and displacement up 
to nanoscale. In a typical nanoindentation test, the indenter with known geometry is 
pushed into the sample material to a certain depth and then retracted. During the 
whole process, both the applied load and the indentation depth are continuously 
monitored and recorded by the nanoindentation system. In modern nanoindentation 
systems, the indenter can be as small as tens of nanometers. Therefore, 
nanoindentation is especially useful in probing thin films and small volumes of 
material [1, 2]. Their mechanical properties can be extracted from the experimental 
indentation data by a reverse analysis if the relationship between the mechanical 
properties and the experimental indentation data is known.  
 
Among the several types of mechanical properties, elastic property is the most 
easily determined by nanoindentation because analytical solutions exist relating the 
applied load, the indentation depth and the elastic modulus [3-5]. However, plastic 
properties can rarely be determined by a unified approach due to the difficulty in 
finding an analytical solution. As a consequence, case-by-case empirical relationships 
have to be established between the plastic parameters (such as yield strength and 
 - 2 - 
strain hardening exponent) and the indentation data [6-14]. In developing these 
relationships, numerical modeling techniques, for example, finite element (FE) 
method, are extensively used.  
 
In recent years, visco-elastic and visco-elastic-plastic properties of some 
important materials and structures, such as polymers, biological tissues and even 
living cells, have also been investigated by nanoindentation test since the test can be 
conducted in-situ in a non-destructive way [15-21]. However, compared with the 
elastic and plastic properties, the visco-elastic and visco-elastic-plastic properties are 
more difficult to characterize by nanoindentation techniques due to the complexity of 
the constitutive relations of these materials. As a consequence, it is rather challenging 
to find a concise relationship, either analytical or empirical, to relate the relatively 
large number of mechanical parameters in the constitutive equations with the 
experimental indentation data. Moreover, to extract these mechanical parameters, 
conventional fitting techniques may be insufficient and an optimization procedure is 
commonly required [16]. 
 
For visco-elastic and visco-elastic-plastic thin films, characterization of their 
mechanical properties by nanoindentation techniques is even more complicated due to 
the influence of substrate. To extract the “true” properties of the thin films, the 
substrate effect should be considered in indentation data interpretation.  
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Characterization of the mechanical properties by nanoindentation tests usually 
involves three consecutive steps: firstly, select or develop a constitutive model to 
describe the mechanical behavior of sample materials; secondly, select or develop 
relationships, either analytical or empirical, to establish a mapping between the 
mechanical parameters in the constitutive model and the experimental indentation 
data; for thin films, the effect of substrate should be incorporated in these 
relationships; and finally, select or develop a reverse analysis procedure to extract the 
mechanical parameters from the indentation data. These three key steps will be 
reviewed in the subsequent sections in order to provide a basis for selecting existing 
constitutive models and indentation interpretation methods as well as for developing 
new models and methods to characterize the mechanical properties of visco-elastic 
and visco-elastic-plastic materials by nanoindentation techniques.  
 
1.1 Constitutive Models 
 
1.1.1 Linear Elasticity 
 
The stress-strain relation of linear isotropic elastic materials (such as metals 
before yielding) can be described by the generalized Hooke’s law, 
 ( ) εIIIεCσ dev :2: GKe +⊗==                   (1-1) 
where Ce is the fourth-order tensor of elastic moduli; K, G are the bulk modulus and 
shear modulus, respectively; I is the unit second-order tensor and Idev is the 
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fourth-order deviatoric tensor defined as IIII 4 ⊗−= 3
1
dev  in which I4 is the 
fourth-order unit tensor. Eq. (1-1) can also be written in the rate form as, 
εCσ && :e=                            (1-2) 
and in the incremental form as, 




The metallic plasticity is often described by J2 theory with isotropic hardening. 
The key assumption of the model is that plastic flow in metals is unaffected by 
hydrostatic pressure. The yield condition and plastic flow direction are based on the 
deviatoric part of the stress tensor. The model can be summarized as, 
(1) Decomposition of the strain tensor into the elastic and plastic components 
pe εεε +=                           (1-4) 
(2) Stress-strain relation 
( )peee εεCεCσ −== ::                   (1-5) 
(3) Yield condition 
( ) ( ) 0, =−= pYf εσσqσ                  (1-6) 
where devσ
2
3=σ  is the von Mises effective stress in which devσ  is the 
deviatoric stress tensor; pp ε&&
3
2=ε  is the effective plastic strain rate; and 
( )pY εσ  is the yield function. 
(4) Plastic flow rule(associative) 
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nε pp ε&&
2




σn =               (1-7) 
(5) Elasto-plastic modulus 
( )nnIIIC ⊗−+⊗=  2 γdevep GK  with GT 31
1









The stress tensor for the rate-independent plasticity is usually updated using 
the return-mapping algorithm. The problem of updating the stress tensor is stated as 
follows: given the stress and strain at time t and a strain increment in time step Δt, 
calculate the stress at time (t+Δt). In the fully implicit return-mapping algorithm, a 
trial elastic stress is first calculated, 
εCσσ Δ+= :ettri                    (1-9)  
If the trial von Mises effective stress triσ  is larger than the yield strength at time t, 
i.e., ( )ptY εσ , plastic flow occurs. It can be shown that at the end of the time step, 
the true deviatoric stress can be written as, 
( )nσ υσ −=Δ+ 1
3




ευ Δ= 3  and ( )( )devtri
devtri
σ
σn = . The effective plastic strain increment pεΔ  
can be obtained by solving the following nonlinear equation usually with 
Netwon-Rampson method, 
( ) 03 =Δ−Δ+− ppptYtri G εεεσσ               (1-11) 
The material stiffness matrix (Jacobian matrix) can be derived as, 
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( )
( ) ( ) ( ) nnIIIε
σC ⊗−−−+⊗=Δ∂
Δ∂≡ υγυ GGK deva 212lg         (1-12) 
 
For geo-materials such as soils and rocks, internal frictional and dilatational 
effects are usually significant. The J2 theory needs extension to incorporate the effect 
of hydrostatic pressure and the Drucker-Prager criterion (another criterion, i.e., the 
Mohr-Coulomb criterion, is quite similar) is developed by modifying the von Mises 
criterion (Eq. (1-6)), 
( ) 0: =−−= pYf εσκσ Iσ                    (1-13) 
where the friction coefficient, κ, is a material parameter reflecting the effect of 




Linear visco-elasticity is usually represented by the combination of (elastic) linear 
springs and (viscous) linear dashpots. The simplest visco-elastic models are the 
Maxwell model (a spring and a dashpot in series, Fig. 1-1(a)) and the Kevin model (a 
spring and dashpot in parallel, Fig. 1-1(b)). The former can depict simple creep 
response and the latter can depict simple relaxation response. More complicated 
visco-elasticity can be studied by constructing the generalized Maxwell model (Fig. 
1-2(a)) or the generalized Kelvin model (Fig.1-2(b)). 
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Figure 1-1(a) The Maxwell model.    Figure 1-1(b) The Kelvin model. 
 
Figure 1-2(a) The generalized Maxwell model. 
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where ( )niGi ...,2,1,0= and ( )nii ,...,2,1,0=η are the elastic constants and the 
viscosity coefficients, respectively. 
 
It is evident that for either the generalized Maxwell model or the generalized 
Kelvin model, the one-dimensional constitutive relation can be written in a 
differential form, 
εσ QP =                        (1-14) 














, QP             (1-15) 
The coefficients in the polynomials, i.e., ( )niqp ii ,...,2,1,0, =  can be directly 
calculated from the elastic constants ( )niGi ...,2,1,0=  and the viscosity coefficients 
( )nii ,...,2,1,0=η .  
 
The constitutive relation can also be written in an integral form in terms of the 






























τ             (1-16) 
where ( )tJ  and ( )tG  can be derived from the above differential form by applying 
Laplace transform under the condition of a unit stress and a unit strain, or can be 
determined from creep and relaxation tests, respectively.   
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The above one-dimensional constitutive relation can be generalized to a 
three-dimensional one to describe the linear visco-elasticity of polymers by assuming 
(I) each component of the deviatoric stress and the corresponding component of the 
deviatoric strain still follow the one-dimensional relation; and (II) the volumetric 










                     (1-17) 
where ijs , ije  are the components of the deviatoric stress and the deviatoric strain, 
respectively; kkσ , kkε  are the volumetric stress and the volumetric strain, respectively. 











                  (1-18)  
 
Table 1-1 Comparison between the Laplace transforms of the field equations for a 
visco-elastic problem and the field equations for its corresponding elastic problem. 
 
 Elastic Transformed Viscoelastic
Equilibrium 0/ =∂∂ jij xσ  0/ =∂∂ jij xσ  
Strain- 
displacement 
( )ijjiij xuxu ∂∂+∂∂= //21ε
 











































Considering the similarity between the Laplace transforms of the field equations 
for a visco-elastic problem and the field equations for the corresponding elastic 
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problem (Table 1-1), the visco-elastic problem can be sought by replacing the elastic 
parameters in the corresponding elastic solution with the Laplace transforms of the 
differential operators (for example, replace the shear modulus G in the elastic solution 
with ( ) ( )ss PQ ) and then conducting inverse Laplace transform to the substituted 
elastic solution. This correspondence principle is widely applied to seek visco-elastic 




To describe the full (visco-elastic-plastic) mechanical response of polymeric 
materials, several constitutive models have been proposed either from the physical or 
from the phenomenological point of view.  
 
The first physical model for polymers due to Eyring was rooted in the transition 
state theory that was widely used to study chemical reactions and their temperature 
dependence [22]. By using Eyring’s theory, dependence of the yield strength of 
polymers on strain rate and temperature can be explained. Later, Eyring’s model was 
extended by Duckett et al. [23] to capture the influence of hydrostatic pressure on the 
yield strength. The well-documented dependence of the yield strength of polymers on 
strain rate, temperature and hydrostatic pressure can also be explained in terms of the 
free volume theory [24, 25], the dislocation/disclination theory [26], and the theory 
which was first proposed by Argon [27] and latter refined by Boyce et al. [28], Arruda 
et al. [29], Wu et al. [30, 31] and Anand at al. [32]. However, unlike the plastic 
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yielding behavior, the visco-elastic and visco-plastic behaviors of polymers are not 
well described by these physical models due to the fact that the mechanisms of these 
deformations have not been fully understood. Therefore, to describe the mechanical 
behavior of polymers, phenomenological models are more frequently used. 
 
Unlike the physical models which were developed from a different stream of 
science, the phenomenological models can be constructed by using a more unified 
approach, i.e., decomposing the total deformation (stress or strain) into simple 
components and using different mechanical elements to describe these components 
separately. According to the type of decomposition, the phenomenological models can 
be classified into two groups: one is based on the decomposition of total stress (or rate 
of stress) and the other is based on the decomposition of total strain (or rate of strain).    
 
One simple example of the models based on stress-decomposition can be found 
in [33]. In this model, the total stressσ  was decomposed into an elasto-plastic 
component epσ (left) and a visco-elastic component veσ  (right) in parallel (Fig. 
1-3(a)). The elasto-plastic component was simply described by the classical J2 theory 
with associative flow rule and the visco-elastic component was described by a 
Maxwell model with a strain rate-dependent viscosity coefficient. Such a formulation 














Figure 1-3 (a) A typical visco-elastic-plastic model based on stress-decomposition 
(left). (b) Ghoneim and Chen’s model based on strain-decomposition (right). 
 
One clear advantage of these models is that the material stiffness matrix can be 
easily manipulated since all the mechanical components in such models share the 
same strain and the total material stiffness matrix can be calculated by simply 










σ veep                  (1-19) 
However, the underlying assumption of these models, i.e., the total stress can be 
decomposed into separate components, is not so well accepted as the assumption of 
strain-decomposition. This is because the latter can be verified by simple experiments 
and therefore has been widely adopted to formulate the classical plastic theory 
(Section 1.1.2) and other visco-elastic-plastic models [35-37]. One typical example of 
such visco-elastic-plastic models was proposed by Ghoneim and Chen (Fig. 1-3(b)) 
[37].  In their model, the total strain rate was decomposed into an elastic component 
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visco-elastic component (described by a Kelvin unit) in series (Fig. 1-3(b)). 
Considering the total tangent stiffness matrix has to be calculated from the total stress 
and the total strain, the numerical formulation is much more complex than that of the 
models based on stress-decomposition. Ghoneim and Chen [37] proposed an 
algorithm combining the tangent stiffness matrix and the initial load approach. By this 
algorithm, several experimental features, such as the strain rate–dependence of the 
yield strength, the visco-elasticity, could be quantitatively reproduced. However, 
Ghoneim and Chen’s model failed to consider a separate viscous component to 
represent visco-plastic deformations. Even worse, increasing the strain rate 
deteriorates the convergence rate and severe convergence problems occurs at large 
strains (≈5%). The convergence problem is possibly due to the explicit integration 
scheme used in the numerical formulation and the problem may be alleviated by 
adopting an implicit integration scheme.  
 
1.2 Relationships between Constitutive Models and 
Indentation Data 
 
1.2.1 Linear Elastic Model 
 
For the indentation dominated by linear elasticity, the relationship between the 
elastic modulus and the indentation data was given by Hertz theory [3,4] and 
Sneddon’s solution [5] in analytical forms.  
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 For the case of a spherical tip of radius R indenting an elastic-half space with 
contact radius a, under the assumption that [4] 
1. The surfaces are continuous and non-conforming: a<<R, 
2. The strains are small: a<<R, 
3. Each solid can be considered as an elastic half space: a<<R1,2, where R1,2 is 
the radius of curvature of the two solids, 
4. The surfaces are frictionless.    
The relationship between the load, P, and the indentation depth, h, can be expressed 
by Hertz theory as, 
23
3
4 hERP r=   with EEE i
i
r
22 111 νν −+−=              (1-20) 
where iE  and iν , E  and ν  are the Young’s modulus and Poisson’s ratio of the 
indenter and the sample material. rE , defined as the reduced modulus, can thus be 
extracted by fitting the indentation load-depth curve into Eq.(1-20).  
 
Sneddon’s solution [5] provides a more general relationship by which the elastic 
modulus of elasto-plastic materials can also be determined from the 
elasticity-dominated unloading curve. From Sneddon’s solution, the initial slope of 
the unloading curve, defined as the contact stiffness S, can be related to the reduced 
modulus by the following formula, 
         cr AEdh
dPS π
β2==                      (1-21) 
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where 2aAc π=  is the projected area of the sample-indenter contact with a contact 
radius of a. β  is a constant used to account for the shape of the cross section of the 
indenter and is equal to 1 for a circular cross section. 
 
Several methods for determining the contact area have been proposed of which 
the most widely used are the Doerner and Nix (D-N) method [1] and the Oliver and 
Pharr (O-P) method [2].  Doerner and Nix were the first to propose a method 
whereby the elastic modulus Er and the hardness H could be solely determined from 
the P-h curves rather than from a post-test.  Under the assumptions that, 
      1.  The elastic deformation upon unloading is dominant, 
      2.  The contact area remains constant during the initial stage of the 
unloading, 
      3.  The initial unloading is linear, 
      4.  During loading, all the material inside the contact region is plastically                
         deformed while outside the contact only elastic deformations occur at the              
         surface.  
The D-N method uses a linear fitting to the upper one-third of the unloading curve. An 
extrapolation of the slope S to the depth axis yields the contact depth hc (see Fig. 1-4). 
And the projected contact area at the maximum load Pmax can be determined from this 
contact depth by a known tip “area function”, 
 
 








)( cc hFA =                          (1-22) 
For example, for the ideal Berkovich indenter,  
256.24 cc hA =                         (1-23)      
The hardness can be simply calculated as,  
cA
PH max=                            (1-24) 
Note that this definition of the hardness is different from the conventional definition 
of hardness. In the nanoindentation analysis, the hardness is calculated utilizing the 
contact area at the maximum load whereas in conventional tests the area of the 
residual indent after unloading is used [6].  
     




       Pmax  
                                          
                                          Unloading 
                       Loading 




                       hf    hc             Depth h 
 
Figure 1-4 Schematic of D-N method. 
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The reduced modulus rE can be obtained by combining Eq. (1-22) and Eq. 
(1-21). If Ei and νi of the indenter material are known, the reduced modulus of the 
sample material, E/(1-ν2), can be easily determined.  
Oliver and Pharr [2] found that the stiffness and therefore the contact area 
change instantaneously upon unloading.  Based on these findings, they proposed 
that, 
1.  The unloading curve follow a power law relationship according to Sneddon’s 
analytical solutions, 
m
fhhP )( −=α                            (1-25) 
where hf is the residual depth; α and m are fitting constants.  
2.  The contact depth hc can be calculated from the maximum depth, hm, the 
intercept depth hi, and a constant, ε, in the following form, 
imc hhh ζ−=  with dhdP
Phi /
max=                     (1-26)       
Here, ζ is a constant depending on tip shape and is equal to 1, 0.75, and 0.72 for the 
flat-ended punch, sphere or parabola of rotation, and cone, respectively. The contact 
stiffness, dhdP / , is evaluated at the maximum load. 
 
Once the contact depth hc is known, Ac can be calculated by the area function. 
Then the hardness and the reduced modulus can be calculated using Eqs. (1-24) and 
(1-21).  
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1.2.2 Elasto-plastic Model 
 
Due to unavailability of analytical solutions to the indentation of elasto-plastic 
materials, the elasto-plastic parameters are more difficult to determine compared with 
the elastic modulus and the hardness. Most researchers applied empirical or 
semi-empirical relationships yielded by experiments or finite element simulations to 
relate the elasto-plastic parameters to measurable quantities. 
 
In the indentation of elasto-plastic materials, hardness H is the most often used 
quantity. Thus great effort has been made to relate this measurable quantity to the 
most common parameters used to describe simple plasticity, such as the yield strength 
Y (= ( )0Yσ )and the strain hardening exponent n. After analyzing a wealth of existing 
data, Tabor [6] showed that for ductile metals the hardness and the yield strength can 
be related by a simple relation, 
cYH =                         (1-27) 
where c is a constant depending on the geometry of the interface and the effect of 
interfacial friction.  Johnson [4] proposed another expression to relate the hardness, 













H                  (1-28) 
where γ is the angle between the indenter and the undeformed specimen surface. By 
further extending the spherical cavity model to accommodate pile-up and sink-in 
effects, Giannakipoulos and Suresh [8] proposed the following expression by 
combining experiments and finite element simulations, 
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pav =  is the contact pressure defined in term of the maximum load 
maxP and the maximum contact area maxA , M1 and M2 are constants depending on the 
shape of indenter, 29.0σ  is the stress at 29% plastic strain from which the strain 
hardening of materials can be estimated. Based on the above equation, they proposed 
a step-by-step method to determine the four unknown parameters E, Y, 29.0σ  and 
avp . In subsequent papers, Venkatesh et al. [9] and Dao et al. [10] assessed the 
validity of the theoretical framework by estimating elasto-plastic properties through 
sharp indentation and addressed the issue of uniqueness in relating the p-h response to 
the elasto-plastic properties. 
 
Dimensional analysis and finite element simulations are also widely used to 
establish these empirical relationships. Using these techniques, Cheng and Cheng [11, 
12] determined the functional form of indentation loading curves for a rigid conical 
indenter indenting into elastic-perfectly plastic solids and power-law-hardening solids. 
Tunvisut [13] proposed another procedure to obtain the yield strain yε  and the strain 














f εεεε  (1-31)           
 - 20 - 
where the Young’s modulus E can be obtained by the O-P method and Af is the area of 
the indentation after unloading which has to be measured by nanoscope; Poisson’s 
ratio is taken as 0.3. 
 
To estimate the elastic modulus, the yield strength and the strain hardening 
parameter simultaneously, Zeng and Chiu [14] proposed a new method based on 
experimental results and finite element simulations. This method proposed the loading 









⎛ °++°= θ         (1-32) 
and the unloading curve by, 
)(.)()1( 2 chhSEhfP −+−= θνθ               (1-33) 
where





−−−=f . Assuming Poisson’s 
ratio is known and fitting the unloading curve into Eq. (1-34) with the method they 
proposed, one can obtain the Young’s modulus and the strain hardening parameterθ . 
With these two parameters determined, the yield strength can be obtained by fitting 
the loading curve into Eq. (1-33). Zeng & Chiu’s method was validated on a broad 
class of materials ranging from polymers, soft and hard metals, ceramics, to hard 
carbide materials.  
 
1.2.3 Linear Visco-elastic Model 
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In the regime of linear visco-elasticity, solutions to the indentation of 
visco-elastic materials can be developed by analytical approaches of which the 
correspondence principle [38] and Boltzmann hereditary integral operators [39] are 
the most frequently used. The correspondence principle is derived from the analogy 
between the Laplace transforms of the governing equations (i.e. equilibrium equations, 
strain-displacement equations and constitutive equations) of a visco-elastic problem 
and the governing equations of an elastic problem with the same boundary conditions 
(see Table 1-1). By using the correspondence principle, Cheng et al. [15] adopted the 
standard visco-elastic solid model to describe the visco-elasticity of polymers and 
derived analytical solutions to the flat-ended punch indentation under creep test and 
relaxation test. The solutions are easily-accessible while the applicable fitting range is 
narrow due to the fact that the three-element visco-elastic model contains only one 
timescale and fails to describe the long-term visco-elasticity of polymers. Although 
adoption of the generalized Maxwell or the generalized Kelvin models should extend 
the fitting range, a systematic method to derive the analytical solutions and an 
efficient reverse procedure to extract the mechanical parameters from indentation data 
are still unavailable.  
 
Compared with the correspondence principle, Boltzmann hereditary integral 
operators provide more flexibility for studying visco-elastic problems. The 
implementation of Boltzmann integral operators allows analytical solutions to be 
found for more complex experimental loading conditions. By this technique, Sakai 
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[40] and Shimizu et al. [41] derived analytical solutions to the indentation of 
visco-elastic materials described by the Maxwell model. The visco-elastic solutions 
help to gain further rheological insight into indentation visco-elasticity, however, they 
are limited by the oversimplified constitutive model and as a consequence, are rarely 
used to extract mechanical parameters from experimental data. 
 
1.2.4 Visco-elastic-plastic Model 
 
In some cases such as a deep indentation of polymeric materials using a sharp 
indenter, plastic or visco-plastic deformations are usually unavoidable. Due to the 
complexity of these deformations, many researches aimed to isolate the elastic, plastic, 
and visco-elastic/visco-plastic deformations and then studied them individually. For 
example, researchers minimized [15] or even ignored [40,41] the effect of 
plasticity/visco-plasticity and treated polymeric materials simply as visco-elastic 
media in order to measure elastic and visco-elastic properties using the methods as 
discussed above. On the other hand, in studying elasto-plastic properties, the 
visco-elastic/visco-plastic deformations were often neglected and polymers were 
treated as conventional elasto-plastic materials [42]. Investigation of the full 
mechanical properties of polymers through nanoindentation techniques is rare.  
 
 It was claimed that Ovaert et al. [16] were the first to study the full 
visco-elastic-plastic properties of polymeric films by nanoindentation techniques.  
They adopted the visco-elastic-plastic model based on stress-decomposition [33] to 
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describe the constitutive relation of polymeric materials. The relationship between the 
mechanical parameters and the indentation data was not pursued explicitly. To extract 
the mechanical parameters in the visco-elastic-plastic model, an optimization 
procedure was developed to compare the finite element result with the experiment 
indentation curve in an iterative way. As a consequence, the practical application of 
the general framework is limited by its high computation cost. To overcome the 
challenge of low efficiency, Oyen and Cook [17] avoided dealing with the complex 
constitutive relations of polymeric materials and developed an effective 
one-dimensional indentation model in direct analogy with the Maxwell model from a 
series of mechanical elements. The one-dimensional model could fit the 
loading-unloading curves very well. However, the effective indentation model could 
not be linked to a constitutive model, which makes it difficult to interpret the 
extracted parameters.  
 
1.2.5 Consideration of the Substrate Effect 
 
One of the most popular applications of nanoindentation is the determination of 
the mechanical properties of thin films. The main difficulty encountered in 
nanoindentation of thin films is to separate the influence the substrate. To extract the 
“true” properties of films, researchers either try to minimize the influence of the 
substrate by restricting the maximum indentation depth to no more than 10% of the 
film thickness, or have to explicitly consider the substrate effect when interpreting the 
indentation data. Although easy to implement in practical tests, the one-tenth rule has 
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no physical basis [43]; and in some cases, the one-tenth rule even fails when the 
influence of the substrate is unavoidable, such as in the measurement of elastic 
modulus of thin films [44].  
 
To account for the substrate effect, various treatments have been developed 
either through numerical simulations or through theoretical analysis. King [44] 
evaluated the empirical treatment of Doerner and Nix [1] using the finite element 
method and proposed an expression for the combined modulus of the film, substrate 
and indenter, Eeff :  














)1(1 222 υυυ ρρ −+−+−−= −−        (1-34) 
where the subscripts f, s, and i refer to the film, substrate and indenter, respectively. 
H is the film thickness and the empirical constant ρ is required to be evaluated from 
a series of experimental results at different indentation depths on films of known 
properties and thickness. Once the combined modulus Eeff is obtained from 
nanoindentation test, the reduced modulus of the film can be calculated through Eq. 
(1-35).  King’s solution explicitly considers the effect of the substrate while its 
application is restricted by the difficulty in evaluating the empirical constant ρ. 
Another restriction may be due to that King’s solution is based on a flat triangle 
punch and is not well suitable to the indentation using an indenter with other 
geometries, especially at large indentation depth [45]. 
 
 Analytical analysis of the indentation behavior of a thin film system is even 
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more difficult to perform. Gao et al. [46] used a moduli-perturbation method to 
derive a closed-form expression for the combined elastic modulus of the 
film/substrate system, 
( ) 0IEEEE sfseff −+=                   (1-35) 
where the weight function I0 is defined in terms of the ratio of the film thickness with 
the contact radius. The solution is applicable to the case where the difference between 
Ef and Es is not significant. Otherwise it overestimates the substrate effect when the 
film is stiffer than the substrate and underestimates the substrate effect if the film is 
more compliant [47]. Therefore, this solution can not be used to study the indentation 
behavior of a soft polymeric film lying on a stiff substrate or a stiff film lying on a 
soft substrate.  
 
Analytical solutions to the indentation of general combinations of films and 
substrates were obtained by Yu et al. [48] through solving a Fredholm integral 
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⎛= ∫∞ cos)()( 0                   (1-38)  
where a is the contact radius; µf is the shear modulus of the thin film; The complex 
kernel function g(w) takes combinations of the mechanical parameters of the film and 
the substrate as coefficients. Yu et al.’s solution is not based on perturbation theory 
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and therefore can be used to study the indentation behavior of more general films 
structures. This was confirmed by the good agreement between the numerical results 
using finite element simulations and the predictions of Yu et al.’s solution [47]. 
However, the potential application of Yu et al’s analytical solution is undermined by 
its implicit expressions. Explicit expressions have to be sought in order to efficiently 
study the corresponding visco-elastic problem.   
 
1.3 Reverse Analysis Methodology 
 
When the material constitutive model becomes complex, it is not a trivial issue 
to design test schemes to estimate the mechanical parameters. This is especially true 
in nanoindentation tests where the mechanical parameters may have internal 
interactions. To ensure an indentation test scheme feasible, the mechanical parameters 
should be extracted efficiently in the reverse analysis procedure and uniqueness of the 
extraction should be estimated as well. Considering conventional fitting techniques 
may be trapped at local minima and suitable initial values have to be chosen by trial 
and error [49], estimation of the mechanical parameters can be treated as an inverse 
problem and solved by an optimization procedure [16].  
 
To solve the inverse problem by an optimization procedure, one simply picks 
the least square difference between the experimental data and the simulated data 
(generated by analytical or empirical solutions, or by finite element simulations) as 
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the objective function, and then applies the optimization algorithm to minimize the 
objective function. As discussed in Section 1.2.4, Ovaert et al. [16] developed a 
reverse analysis procedure in which the simulated data was created by finite element 
analysis. However, the application of the general framework is greatly limited by its 
low efficiency and can not be used for fast online estimation. To solve this problem, 
Huber and Tsakmakis [50] built a nonlinear mapping between the multiple material 
parameters and the finite element results by applying the neural network (NN). For 
the NN approach, the time-consuming part was moved to the training process (i.e., the 
process to build the nonlinear mapping) which could be done in advance by providing 
carefully chosen training patterns (i.e. sample pairs between material parameters and 
finite element results). As long as a proper mapping is built, it can operate quickly to 
generate an indentation curve for a given input of material parameters. However, the 
output data by neural network is generated by interpolation and is less accurate. The 
accuracy may even be deteriorated by the over-learning (i.e. the mapping is localized 
by the training patterns) and under-learning (i.e., the mapping has not been fully built 
on the provided training patterns) of the neural network. 
 
To solve the above problems, i.e., low efficiency of the FE-based approach and 
less accuracy of the NN-based approach, an optimization procedure combined with an 
analytical or empirical solution to the indentation problem should provide a feasible 
way.  
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1.4 Objectives of the Study 
The purpose of this study was to develop an efficient and robust methodology to 
characterize the mechanical properties of visco-elastic and visco-elastic-plastic 
materials and their thin films with nanoindentation techniques. Two typical groups of 
visco-elastic-(plastic) materials and structures, i.e., polymers and living cells, were 
chosen as the samples due to their significance both in scientific research and in 
engineering applications. Investigation of the visco-elastic deformations was 
restricted to the linear regime in this study not only because this requirement can be 
met by limiting experimental conditions, for example, restricting the maximum 
indentation depth, but also because a full understanding of linear visco-elasticity is an 
indispensable step toward understanding nonlinear visco-elasticity. More specifically, 
the following five issues have been addressed in details: 
 
(1) Analytical solutions to the nanoindentation of homogeneous polymeric 
materials using flat-ended punch were firstly derived. An inverse analysis procedure 
combining the solutions and Genetic Algorithm (GA) was evaluated for the efficiency, 
robustness and uniqueness of the mechanical parameter extraction. Constitutive 
models describing the linear visco-elasticity of polymers was also evaluated;   
(2) A three-dimensional visco-elastic-plastic model was developed by combining 
the visco-elastic model with the modified Drucker-Prager model to capture both 
elasto-plastic deformations and visco-elastic/visco-plastic deformations. A robust and 
efficient integration scheme was developed. Both the model and the integration 
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scheme were verified by both finite element simulations, uni-axial tests and 
indentation tests; 
(3) An experimental scheme was designed to separate the time-independent 
deformations from the time-dependent deformations. For the former, empirical 
relationships were established between the elasto-plastic parameters of the above 
visco-elastic-plastic model and experimental indentation data. For the latter, analytical 
solutions were derived by using the correspondence principle or by Boltzmann 
superposition principle. Thus, all the mechanical parameters in the constitutive model 
can be determined; 
(4) Explicit solutions to the indentation of soft polymeric films lying on stiff 
substrates were proposed based on Yu et al.’s [48] implicit solutions. Based on the 
explicit solutions, the “true” properties of the polymeric films lying on metal and 
semiconductor substrates were determined through nanoindentation tests; 
(5) Elastic analytical solutions to the indentation of a pre-stressed stiff film lying 
on a soft substrate were derived by using the theories of plates and shells. The elastic 
solutions and the corresponding visco-elastic solutions were verified through the 
indentation of living cells whose structure can be described by the stiff film/soft 
substrate system on the first-order approximation.  
 
Efficient in-situ characterization of the mechanical properties of the complex but 
important visco-elastic-(plastic) systems, such as polymeric films, biologic tissues and 
even living cells, may contribute to future research to investigate some important 
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physical issues related to the mechanical properties, such as the reliability of 
polymeric low-k films, the resistance of cells to the invasion of virus, the effect of 
drugs on cell membranes, and so on. In the next chapter, the experimental apparatus 
and the test procedures used in this study are presented.
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Chapter 2   
Indentation Test 
 
2.1 Experimental Apparatus 
 
Two types of indentation systems were used in the study, i.e., MTS NANO 
Indenter XP (MTS Corporation, Nano Instruments Innovation Center, TN, USA) and 
a micro-force tester (Instron Corporation, Norwood, MA, USA). 
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In this nanoindentation system, the force imposed on the indenter is generated 
by the current passing a coil which sits within a circular magnet. The displacement of 
the indenter is measured by the displacement monitoring system consisting of a 
three-plate capacitive arrangement. Either the rate of the applied force or the 
displacement can be controlled by the system. The specifications of the MTS NANO 
Indenter XP are shown in Table 2-1, 
Table 2-1 Specifications of MTS NANO Indenter XP. 
Parameters                         Specifications 
Displacement Resolution              <0.01nm 
Load Resolution                      50nN 
Maximum Indentation Depth            500μm 
Maximum Load                      500mN 
 
For the Instron micro-force tester, the resolution of the indentation depth is 
0.5μm and the resolution of the load is 50mN.  
 
2.2 Samples Preparation 
 
In the present study, four kinds of commercially available polymers, i.e., 
polymethyl methacrylate (PMMA, amorphous, Goodfellow Ltd, Huntingdon, UK), 
polycarbonate (PC, amorphous, Goodfellow Ltd, Huntingdon, UK), polyethylene 
terephthalate (PET, amorphous, Goodfellow Ltd, Huntingdon, UK) and epoxy 
(crosslinking, Goodfellow Ltd, Huntingdon, UK) were chosen as sample materials.  
These polymers have been extensively studied both experimentally and theoretically, 
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therefore they are good models for scientific researches. The bulk samples were cut 
from a large piece of thick sheets (300mm×300mm×1mm) and the film samples were 
cut from large thin sheets (PMMA sheet : 300mm×300mm×50μm; PC sheet: 
300mm×300mm× 30μm). The film samples were bonded to the glass substrate (a 
10mm×10mm with 2mm-thick microscope slide, Sail Brand, Changlong Instrument 
Ltd, Haimen, China) and the aluminum substrate with a super glue layer (Alteco 100, 
Alteco Chemical Ltd, Tuas Avenue, Singapore). Before the curing process, a 
microscope slide was pressed onto the free surface of the bonded film with a uniform 
pressure to squeeze out any redundant glue. Subsequently, the glue layer was cured 
for 5 minutes. The Young’s modulus and the Poisson’s ratio of the glass substrate are 
72.5GPa and 0.21, respectively; and the Young’s modulus and the Poisson’s ratio of 
the aluminum substrate are 69.9GPa and 0.3, respectively. 
 
2.3 Experimental Schemes 
 
In the present study, five kinds of tests were conducted: indentation creep test 
(Fig. 2-2(a)), indentation relaxation test (Fig. 2-2(b)), linear loading & unloading test 
without a holding segment (Fig. 2-2(c)), linear loading & unloading test with a 
holding segment (Fig.2-2(d)) and a five-step test (Fig.2-2(e)). In the indentation creep 
test, the maximum load Pmax is quickly applied in tload (=2s) seconds and held for tcreep 
seconds. During the whole process, the indentation depth is recorded. In the 
indentation relaxation test, the maximum indentation depth hmax is quickly applied in 
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tload seconds and held for trelax seconds. During the whole process, the applied load is 
recorded. In the linear loading & unloading test without a holding segment, the 
maximum load Pmax is applied in tload seconds and removed in tunload seconds. During 
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Figure 2-2(a) Schematic diagram of loading profile of the indentation creep test. 
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In the linear loading & unloading test with a holding segment, the maximum load Pmax 
is applied in tload seconds and held for thold seconds, then removed in tunload seconds. 
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Figure 2-2(c) Schematic diagram of loading profile of the linear loading
& unloading test 
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Figure 2-2(d) Schematic diagram of loading profile of the linear loading & unloading 
test with a holding segment. 
tload tunload thold 
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In the five-step test, 1) a fast loading step to the maximum load maxP , 2) a fast 
unloading step to a very small load minP , 3) a holding step under minP  for a period of 
holdt , 4) a fast reloading step to the creep test load creepP , and 5) a final holding step 
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Chapter 3  
Indentation of Homogeneous Visco-elastic 
Materials Using a Flat-ended Punch 
 
In this chapter, indentation of bulk polymeric materials in the regime of linear 
visco-elasticity was investigated by using analytical approaches which were then 
verified by experimental results. To ensure the dominance of visco-elastic 
deformations during the indentation process, a flat-ended punch and a relatively 
shallow indentation depth were used. It was found that the analytical solutions based 
on the standard visco-elastic solid model failed to capture the long-time indentation 
behavior of polymers due to oversimplification of the visco-elastic model (only one 
visco-elastic time scale) [1]. Thus the generalized Kelvin models which contain more 
visco-elastic time scales were adopted in the present study. Analytical solutions to the 
indention creep tests of polymers were derived by using the correspondence principle. 
To extract the mechanical parameters in the visco-elastic models, the derived 
analytical solutions were used to fit experimental indentation data within the 
framework of Genetic Algorithm (GA) and the uniqueness of the fitting was checked. 
For verification, the extracted mechanical parameters were used to predict the tensile 
creep behavior of polymers.   
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3.1 Visco-elastic Models 
 
For polymers, there are three major types of deformation in the context of the 
molecular theory of visco-elasticity [2]. The first type is the instantaneous elastic 
deformation due to the bending and stretching of inter- and intra-molecular bonds. 
This type of deformation can be described by a Hookean spring. The second type is 
time-dependent elastic deformation, which does not involve irreversible chain 
slippage, and therefore can be fully recovered after the external load is removed. This 
type of deformation may be described by a Kevin model, i.e., a Hookean spring and a 
Newtonian dashpot in parallel. However, this type of deformation can occur at 
different time scales, therefore, several characteristic times may exist and thus several 
Kevin models in series (the generalized Kelvin model) may be needed to describe this 
feature. The last is the chain-slippage-related deformation, which causes irreversible 
deformation. This type of deformation may be represented by a Newtonian dashpot.  
 
To formulate the constitutive equations to describe the three types of 
deformations, it is convenient to decompose the total stress and strain tensors into the 











                     (3-1) 
where, ijδ  is the Keronecker symbol. The two parts behave differently in that the 
deviatoric part usually responds visco-elastically under shear stress, while the 
volumetric part, however, responds elastically under moderate hydrostatic loading [3].  
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In the present study, three generalized Kelvin models were compared (Fig.3-1(a)(b)(c)) 




















Figure 3-1 Three generalized Kelvin models used to depict the deviatoric 
deformation of polymeric materials. ( )2,1,0=iGi and ( )2,1,0=iiη are the 
elastic constants and the viscosity coefficients, respectively. 
 








d es εσ QPQP ==                               (3-2) 
where dP  and dQ are differential operators depending on the specific form of the 
visco-elastic model (Table 3-1); 1=vP  and 03Kv =Q , where 0K  is the elastic 
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standard three-element model has no obvious influence on the creep behavior of the 
visco-elastic material [1], therefore all the Poisson’s ratios are taken to be the same as 









+= GK .  
 
Table 3-1 Constitutive equations of the three models. 





















































































































































































3.2 Analytical Solutions  
 
Consider a perfectly-rigid flat-ended punch indenting on a semi-infinite elastic 
solid. If the contact is frictionless, the indentation load P  and the depth of 
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4 μ                         (3-3) 
Where μ  is shear modulus, ν  is the Poisson’s ratio, and R  is the radius of the 
flat-ended indenter.  
 
According to the elastic-viscoelastic correspondence principle, the 
Laplace-transformed visco-elastic field equations with respect to time are analogous 
to the elastic field equations (See Table 1-1), and the following replacements can be 
made [5], 
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where, the upper bar denotes the Laplace transform and the Young’s 
modulus ( )νμ +≡ 12E . Based on the correspondence principle, the 
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As for the creep response to a suddenly applied force, the total force acting on the 
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where, 0P  is the constant load and H (t) is the Heaviside step function. The Laplace 
transformation of Eq. (3-7) is, 
sPP 0=                         (3-8) 
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It can be easily verified that both 
dd
QP  and are the polynomials of s  (see Table 3-1) 
and therefore, for Model (a), Eq. (3-9) becomes, 
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c =                    (3-12) 
where, ( )sAa … ( )sBc  are the known polynomials of s , which can be easily 
obtained by substituting the coefficients listed in Table 3-1 into Eq.(3-9) . 
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respectively, where ait− , bit−  and cit−  in Eqs.(3-13), (3-14) and (3-15) are the 
roots of the equations 0)( =sAa ,  0)( =sAb  and 0)( =sAc , respectively; and the 
rest of the parameters can be obtained by substituting  ait− , bit−  and cit−  into 
Eqs. (3-13), (3-14) and (3-15), and then comparing with Eqs. (3-10), (3-11) and (3-12), 
respectively. Inversion of the above transformed solutions gives the following 
relations between the indentation depth and time for flat-ended punch indentations, 
































ciehthth μ                  (3-18) 
It is noted that the parameters in Eqs.(3-16), (3-17) and (3-18) are related to the 
materials parameters in Models (a), (b) and (c), respectively, and thus are not totally 
independent. For Model (a), there are only five material parameters as shown in 
Fig.3-1. Thus, among the eight parameters in Eq.(3-16), only five of them are 
independent. Similarly, for Model (b), among nine parameters in Eq.(3-17), only six 
of them are independent; and for Model (c), among twelve parameters in Eq.(3-18), 
only seven of them are independent.  
 
For the relaxation response to a suddenly applied displacement, the derivation of 
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the analytical solutions is nearly the same and thus not repeated here. 
3.3 Inverse Analysis by Genetic Algorithm  
 
Once the mechanical parameters in the constitutive models (i.e., ( )2,1,0=iGi and 
( )2,1,0=iiη ) are known, the indentation creep curves can be directly obtained from 
Eqs.(3-16), (3-17) and (3-18). This forward analysis is straightforward. However, the 
target of an indentation test is to extract the mechanical parameters from the 
experimental indentation data by an inverse analysis. As discussed in Chapter 1, the 
conventional fitting techniques may be insufficient to fulfill the inverse analysis when 
the constitutive models are complex considering the uniqueness of the extracted 
parameters can not be checked and furthermore, the initial values for the fitting have 
to be carefully chosen by trial and error [6].   
 
In the present research, an optimization method, i.e., Genetic Algorithm (GA), 
was used to perform the inverse analysis since it is extremely efficient for mixed 
(either continuous or discrete) combinatorial problems and is less susceptible to be 
trapped at local minima than gradient search methods. From the GA point of view, the 
targeting mechanical parameters, i.e., Young’s modulus iE , Poisson’s ratio 0v  and 
viscosity coefficients iη  of each unit, constitute the so-called ‘chromosome’, i.e. a 
vector. For a known chromosome, an indentation creep curve can be directly obtained 
from Eqs.(3-16), (3-17) or (3-18). The reciprocal of the difference between the 
derived creep curve and the experimental creep curve is defined as ‘fitness’ (the target 
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function). GA adopts an evolutionary way to search the best chromosome in order to 
maximize the fitness (i.e. the smallest difference) in the vector space. The fitness will 
become larger and larger (i.e., the difference will become smaller and smaller) in the 
evolutionary process until certain specified conditions, for example, the best 
chromosome reaches a steady state, are met. The whole process is illustrated in 
Fig.3-2. The details of the GA methods can be found in the books on modern 
optimization methods and will not be discussed here. 
 
3.4 Experimental Verification & Discussion 
 
Indentation creeps tests were conducted on three kinds of polymers, i.e., 
PMMA, PET and epoxy using a flat-ended punch with radius of 5µm. And 
Eqs.(3-16),(3-17) and (3-18) were used to fit the experimental time-depth data (Fig. 
3-3 for PMMA, Fig.3-4 for PET and Fig.3-5 for epoxy). Each fitting was repeated 20 
times and simple statistics was conducted on the extracted parameters. It was found 
except the viscosity coefficient of epoxy, the standard deviation of the extracted 
parameters was negligible compared with the corresponding mean values. So the 
uniqueness of the extraction was ensured. Only the mean values of the extracted 
parameters were listed (Table 3-2 for PMMA, Table 3-3 for PET and Table 3-4 for 
epoxy). In the tables, the values of the elastic moduli listed on the product datasheets 
are also provided for comparison. The good agreement between the extracted elastic 
moduli and the datasheet values confirms the analytical method developed above. 













Operations of GA: 
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 Fitted by Eq.(3-16)
 Fitted by Eq.(3-17)
 Fitted by Eq.(3-18)
 
Figure 3-3 Fitting curves of PMMA. 














 Fitted by Eq.(3-16)
 Fitted by Eq.(3-17)
 Fitted by Eq.(3-18)
Figure 3-4 Fitting curves of PET. 


















Table 3-2 Extracted mechanical parameters of PMMA. 
 Model (a) Model (b) Model (c) Datasheet
E0(GPa) 2.93 2.96 2.98 2.4~3.3 
ν0 0.40 0.40 0.40 - 
E1(GPa) 12.51 11.38 13.05 - 
η1(GPa.s) 171.68 272.04 137.32 - 
E2(GPa) - 7.00 8.48 - 
η2(GPa.s) - 845.69 893.43 - 
η0GPa.s) 2848.23 - 3100.19 - 
 
Table 3-3 Extracted mechanical parameters of PET. 
 Model (a) Model (b) Model (c) Datasheet
E0(GPa) 3.35 3.33 3.32 2.0~4.0 
ν0 0.38 0.38 0.38 - 
E1(GPa) 19.55 19.53 17.69 - 
η1(GPa.s) 335.96 319.59 330.45 - 
E2(GPa) - 7.64 8.23 - 
η2(GPa.s) - 2910.53 2387.52 - 













 Fitted by Eq.(3-16)
 Fitted by Eq.(3-17)
 Fitted by Eq.(3-18)
Figure 3-5 Fitting curves of epoxy. 
 - 52 - 
η0GPa.s) 9144.84 - 10916.31 - 
 
Table 3-4 Extracted mechanical parameters of epoxy. 
 Model (a) Model (b) Model (c) Datasheet
E0(GPa) 3.29 3.16 3.17 2.1~5.5 
ν0 0.42 0.42 0.42 - 
E1(GPa) 17.03 17.12 22.04 - 
η1(GPa.s) 232.01 290.84 323.28 - 
E2(GPa) - 15.19 17.23 - 
η2(GPa.s) - 2755.52 1868.65 - 
η0GPa.s) 5975.17 - 37609.10 - 
 
 
The fitting performance of the three models suggests that to model the long-time 
creep behavior of polymers, at least two time scales (i.e. two Kelvin units) should be 
included in the constitutive models. It has been shown that the standard visco-elastic 
solid model (one separate spring and one basic Kelvin unit in series) can only give a 
satisfactory fitting within a short period of time, usually, less than tens of seconds [1]. 
Although a good fitting can be extended to about 300 seconds by Model (a) (adding a 
separate dashpot), it is still too stiff and consequently, the deviation from the 
experimental data beyond 300 seconds is obvious as shown in Figs.3-3, 3-4 and 3-5. 
For PMMA and PET, the long-time creep curves fitted by Model (b) deviate from 
experimental results after 1600s. However, Model (c) can fit the experimental results 
in the entire range of the indentation creep tests (2000s). For epoxy, both Model (b) 
and Model (c) can fit the experimental data very well as shown in Fig.3-5. Therefore, 
the separate dashpot of Model (c) is redundant for epoxy and its viscosity coefficient 
i.e., 0η , cannot be uniquely determined.  
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There are several interesting issues worth further discussions. Firstly, it can be 
seen that Model (a), Model (b) and Model (c) yield nearly the same instantaneous 
modulus (Tables 3-2, 3-3 and 3-4). This suggests that the elastic deformation can be 
well described by all of the three models. If one only needs to extract the 
instantaneous modulus, simple models such as, the standard visco-elastic model or 
Model (a), are accurate enough. Secondly, the visco-elastic deformation seems to 
involve at least two time scales and may be interpreted from the molecular origin. It is 
known that the smallest time scale response of polymer creep is the motion of the 
smallest chain segments, which correspond to single monomers [2]. At this level, the 
main motion modes are librations and rotations and the elastic restoring force comes 
from the potential barriers to the motions. As the time scale increases, the main 
motion is the random diffusion of the molecular chains, and its restoring force is the 
entropy-related force. Therefore to describe these two deformation mechanisms, at 
least two Kevin units should be used in the material constitutive relations. Finally, the 
difference between the indentation creep behavior of the thermoset polymer, i.e., 
epoxy and that of the thermoplastic polymers, i.e., PMMA and PET, suggests that the 
irreversible slippage of molecular chains of polymers may be hindered by cross 
linking. For epoxy, a typical thermosetting polymer, its cross-linked chains strongly 
hinder the chain-slippage, which decreases viscous flow and increases the elasticity of 
the material measured at long-time creep. Therefore, the separate dashpot which 
describes the chain-slippage may be unnecessary for thermoset polymers. This 
explains why Model (b) can give a good fitting for epoxy. Whereas for thermoplastic 
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polymers, such as PMMA and PET, it is easier for the molecular chains to slide under 
shear stress, which makes the polymers behave more like a viscous fluid and thus 
cause a significant irreversible deformation. Therefore, for thermoplastic polymers, a 
separate Newtonian dashpot is required to describe the viscous deformation.  
 
The material parameters obtained by using Model (c) were used to predict the 
tensile creep behaviors of PMMA (Fig.3-6). The good fitting between the predicted 
tensile creep curve and the experimental tensile creep curve of PMMA implies that 
the tensile creep and the indentation creep are intrinsically linked with each other 




































Figure 3-6 Comparison between the predicted tensile creep curve (solid line) and
the experimental tensile creep curve (dots) of PMMA. The holding force, P0, is
2.41N; the section area of the PMMA bar, A0, is 38.0mm2 and the sample length,
L0, is 1.5mm. 
 




Analyses based on three generalized Kelvin models were performed to study the 
creep behaviors of polymeric materials under a flat-end punch indentation. The 
material parameters in the models were obtained by fitting experimental results. It 
was shown that at least two Kelvin units in series are required to describe the 
long-time creep behaviors. For PMMA and PET, due to the irreversible chain-slippage, 
a separate Newtonian dashpot is needed. For epoxy, the chain-slippage is inhibited by 
the strong chain crosslinking, hence a separate Newtonian dashpot is unnecessary.  
The extracted mechanical parameters from indentation creep curves were used to 
predict the tensile creep behavior and a good agreement was obtained.  
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Chapter 4  
Indentation of Homogeneous 
Visco-elastic-plastic Materials         
Using a Sharp Indenter 
 
When a sharp indenter, such as a conical indenter or a Berkovich indenter, is 
used to probe the mechanical properties of polymeric materials, plastic or 
visco-plastic deformations may be significant and cannot be neglected anymore. As a 
consequence, the visco-elastic models used for flat-ended punch indentations (Chapter 
3) are insufficient to capture the complex deformations induced by sharp indentations. 
To characterize the full (visco-elastic-plastic) range of mechanical properties of 
polymeric materials using sharp indentations, two issues should be addressed: the first 
is to construct a proper constitutive model which is able to capture not only 
time-independent elasto-plastic but also time-dependent visco-elastic/visco-plastic 
deformations; and the second is to accurately and efficiently extract the material 
parameters in the constitutive model from the load-depth curves obtained by 
indentation tests. The two issues will be discussed in the following sections. 
 
4.1 Constitutive Model 
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4.1.1 Description of the Model  
 
Four main kinds of deformations exist during indentations on thermoplastic 
polymeric materials, namely, elastic, plastic, visco-elastic and visco-plastic 
deformations. To describe these features, a phenomenological model shown in Fig.4-1 
was proposed. The Maxwell unit (a spring and a dashpot in series) is able to describe 
elastic deformation and stress relaxation; the Voigt-Kevin unit (a spring and a dashpot 
in parallel) is able to describe visco-elastic deformation; and the plastic unit (a parallel 
combination of a slider and a spring) is able to describe plastic deformation. 
Furthermore, the following two assumptions were made:   
(I)   The volumetric response of polymeric materials is linear-elastic under 
moderate hydrostatic pressure [1-3], 
    kkkk K εσ Δ=Δ 03 ,                        (4-1) 
where 0K is the bulk modulus.  







ijij eeee Δ+Δ+Δ=Δ                    (4-2) 
where ijkkijijijkkijij es δεεδσσ 3
1   
3
1 +=+= , ijδ  is the Keronecker symbol; sij is the 
deviatoric stress; and eij is the deviatoric strain. Here the Einstein summation 
convention is used.    


















The stress-strain relation of the elastic component follows a linear equation, 






Δ=Δ                          (4-3) 
where 0μ  is the shear modulus of the Hookean spring.  The stress-strain relation of 













Figure 4-1 The constitutive model used to describe the deviatoric
deformation of polymeric materials. 0μ is the shear modulus of the elastic 
component; 0σ  is the yield strength under the pure shear deformation;
)( pH ε defines the hardening rule; 1μ is the shear modulus of the spring in 
Voigt-Kelvin unit and 1η is the viscosity of the dashpot; 0η is viscosity 
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e ijijvepij ∂+∂+= 011
2 ηημ                     (4-4) 
where 1μ  is the shear modulus of the Hookean spring and 1η  is the viscosity 
coefficient of the Newtonian dashpot in the Voigt-Kelvin unit; 0η  is the viscosity 
coefficient of the separate Newtonian dashpot.   
 
For the plastic component, considering the yielding behavior of polymers may 
be sensitive to the hydrostatic pressure and also influenced by the strain-rate, a 
modified von Mises yield surface is adopted [4-7], 
             
[ ])log()(0 εαεσ &++−−= pHkPqF                     (4-5) 
where ijij ssq 2
3≡  is the Von Mises effective stress; k  is the coefficient of 
internal friction, which reflects the effect of hydrostatic pressure on the yield function; 
3/kkP σ−≡  is the hydrostatic pressure; 0σ  is the yield strength under the pure 






2 &&ε ; the last term )log(εα &  introduces the effect of the 
strain rate using the logarithmic function proposed by Eyring [4] in terms of the 
effective strain rate ijijεεε &&& 2
1≡ .  
 
4.1.2 Numerical Integration Scheme 
 
The constitutive model was implemented in the general-purpose finite element 
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program ABAQUS/Standard [8] by writing a user-defined material subroutine UMAT. 
Eq.(4-4) can be rewritten in an integral form, 








ηημ &            (4-6) 




































       (4-7) 
Rewrite Eq.(4-7), 










































2 ημ . 
 
The plastic components of the strain tensor were assumed to be proportional to 
the derivative of the potential function with respect to the components of the stress 











3                     (4-9) 







ijttij eeees Δ−Δ−Δ+=Δ+ μ            (4-10) 
  
The consistency rule of the theory of plasticity which requires that  0== FF &  
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can be used to determine the scalable variable peΔ .  In the calculations, finite 
deformation was considered. 
 
4.1.3 Verification and Comparison with Experiments 
 
The model was verified first by the experimental results of uni-axial tests of 
PMMA [10] and then by the results of indentation tests [11]. In the tensile test [10], 
the parameters in the current model were determined as follows: The Young’s 
modulus GPaE 30.20 =  was calculated from the initial slope of a strain-stress curve 
by a uni-axial tensile test with a strain rate of 0.005/second [10]. The 
visco-elastic/visco-plastic parameters were obtained by fitting the creep curve [10]: 
 ,370.v =  ,66.3 1 GPaE =  ,.26.101 sGPa=η  sGPa.43.757 0 =η . The internal 
friction coefficient was calculated by the yield strengths under tensile and 







, where tc σσ  and are the yield strength under compressive 
and tensile tests, respectively. Under the same strain rate, tc σσ  and  were 79.8MPa 
and 78.0MPa, respectively [10]. The loading rate parameter MPa7.1=α  was 
obtained by conducting uni-axial tests under different strain rates [10]. Then the yield 
strength under pure shear deformation was determined from Eq.(4-5): 
MPak cc 0.77)log(3/.0 =−+= εασσσ & .The hardening rule, which is usually 
expressed by the relation between the uni-axial tensile stress and the plastic strain, 
was determined by fitting a complete uni-axial strain-stress curve.  In the present 
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study, a simple tri-linear function was adopted to fit the complete strain-stress curve 
under the uni-axial tensile test with a strain rate of 0.005/s (see Fig. 4-2) [10]. The 
tri-linear hardening function between the plastic strain and stress is described by the 
following three points: (0.00, 77.0MPa), (0.43, 77.0MPa) and (1.00, 130.0MPa). 
Since these parameters in the constitutive model are fully known, they can be used to 
predict uni-axial strain-stress curves at different loading rates. The model prediction 
and its experimental counterpart for the uni-axial tensile test at a strain rate of 0.5/s 
are shown in Fig.4-2.  It can be seen that the model prediction is in a good agreement 
with the experimental result in the whole stress vs. strain curve.   


















 Measurement at 0.5/second
 Predicted by the present model
 Measurement at 0.005/second
 Fitted by the present model 
Figure 4-2 Curve fitting and model prediction for uni-axial tests. 
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In the indentation simulations, the Berkovich indenter, which is usually modeled 
as an equivalent rigid cone with a half-included angle of 70.3°, was used. To 
approximate an infinite half-space, a large axisymmetric cylinder 100µm in height and 
100µm in radius was adopted to model the specimen and the insensitivity of results to 
the increase of the specimen size was ensured. The interaction between the rigid 
indenter and the specimen was assumed to be frictionless.  Fine elements with a 
width of 30nm were used in the contact region to achieve mesh-independence of 
results and a progressively coarser mesh was used away from the contact area. The 
4-node axisymmetric quadrilateral element CAX4 was used. The model was first 
verified in two extreme cases: 1) neglecting plasticity, and 2) neglecting 
visco-elasticity/visco-plasticity. The simulation results showed that on the one hand, 
the elasto-plastic behavior was recovered if the visco-elasticity/visco-plasticity is 
neglected; on the other hand, the visco-elastic-plastic behavior described by Burgers 
element (i.e. one Maxwell unit in series with one Voigt-Kelvin unit) was recovered if 
the yielding strength in the present constitutive model is set to a large value. This can 
be seen from Fig.4-3 which shows the variation of the load depth curves with pure 
shear yield strength 0σ . In these calculations, the following typical values of material 
parameters for polymers were used: ,0.30 GPaE =  ,4.0=v , 0.101 GPaE =  
,.0.200 1 sGPa=η   ,.0.8000 sGPa=η and 2.0=k . Both the loading time and the 
unloading time were fixed at 20s.  
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The model also confirmed the recently proposed scaling relationship for 
indentation tests on polymeric materials: the load-depth curves can be normalized by 
the peak load point )),(( maxmax PPh at the end of the loading segment [11]. FE 
simulation results showed that the scaling relation can be further extended to a more 
general three-segment (i.e., loading–holding-unloading) test. In these simulations, the 
loading, holding and unloading segments all took 100s, respectively. The same values 
of the materials parameters as above were used. Both strain hardening and the effect 
















Figure 4-3 Effect of the shear yield strength 0σ on the load-depth curves. 
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of strain rate on yield strength were neglected. Justifications for this will be discussed 
later. For the three-segment loading history, the predicted load-depth curves are 
shown in Fig.4-4 (a).  After the curves were normalized by the peak load point 
)),(( maxmax PPh at the end of the loading segment, all the curves collapse into a single 
curve as shown in Fig.4-4 (b). The good agreements between the model prediction 
and experimental results are expected since all of the deformation components of 
polymers were reasonably taken into accounts in the present model.  
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Figure 4-4 (a) Simulated load-depth curves with a three-segment loading history. The 
loading, holding and unloading segments all take 100s, respectively. (b) Simulated 
load-depth curves scaled by the peak load point )),(( maxmax PPh at the end of the loading 
segment. 
 
4.2 Extracting the Mechanical Parameters 
 
As aforementioned, to extract the material parameters in the constitutive model 
from the load-depth curves, an efficient reverse methodology is necessary because it 
is unpractical to combine finite element calculations with an optimization procedure. 
In this study, the complex visco-elastic-plastic deformations were decomposed into 
tractable components that could be studied separately. 
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4.2.1 A Five Step Indentation Scheme to Decompose Deformations 
 
It is known that the loading curves of elasto-plastic materials can be well fitted 
by a power law [12],  
nChP =                       (4-11) 
for conical or pyramidal indenters, the power n  is equal to 2 and C  is a 
time-independent constant depending only on the elasto-plastic properties of the 
material.  Thus the scaled depth 5.0/ Ph  should be a time-independent constant 
which is equal to 5.0−C . It was found that the loading curves of polymeric materials 
still can be well fitted by the power law, however, when the maximum load is held 
fixed, both C and n  increases with a decrease in loading time. C gradually 
approaches to the upper limiting value and n  approaches to 2 [11, 13], which 
corresponds to the extreme case of the elasto-plastic material excluding 
visco-elasticity/visco-plasticity from the model.   
 
Based upon the above analysis, a five-step test scheme (Fig.2-2(e)) may be used 
to study elastic-viscoelastic deformation and plastic deformation separately. These 
steps are based on the assumption that: on the one hand, the elastic-plastic 
deformation is dominant and only negligible visco-elastic/visco-plastic deformation is 
induced during the fast loading/unloading steps (Steps 1 and 2); on the other hand, the 
visco-elastic/visco-plastic deformation is dominant and only negligible instantaneous 
plasticity is induced during Steps 4 and 5. The choice of maxcreep PP <  is to prevent 
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further time-independent plastic deformation and ensure the dominance of the 
visco-elastic deformation during the reloading and creeping steps. Hence the 
time-independent plastic deformation can be isolated using the five-step loading 
scheme. 
 
4.2.2 Formulating Time-independent Plastic Deformation 
 
To reduce the complexity of the constitutive model while retaining the most 
important features for describing the deformations of polymers, the following two 
simplifications were made: (I) Strain hardening is absent during the indentation test, 
i.e. 0)( =pH ε . Two facts may justify the simplification: firstly, strain hardening 
only occurs at large strains when the polymer chains are oriented in long extensions 
[3]; secondly, large plastic strains are only localized near the indenter tip during 
indentation tests. (II) The effect of the strain rate on instantaneous plastic deformation 
is negligible, i.e., 0≈α [14].  This simplification implies that the loading rate is 
fully reflected in the visco-elastic part of the model. This may be justified by the fact 
that the indentation tests are normally performed at a relatively low speed and thus 
inertia or dynamic effect on the instantaneous plasticity is insignificant. With the two 
simplifications, the plastic properties of a polymeric materials can be fully described 
by only two material parameters: the yield strength under pure shear deformation, 0σ ,  
and the internal friction coefficient, k . 
 
Systematic simulations were conducted to investigate the influence of the 
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internal friction coefficient k by using the present material model with short loading 
times to minimize the time-dependent deformation. Figure 4-5 shows the effect of the 
internal friction coefficient k on C  when the influence of 
visco-elasticity/visco-plasticity is negligible. It can be seen that a simple linear 
equation exists between k andC : 
kMNC •+=                         (4-12) 
where MN  and  are material-dependent parameters. For the elasto-plastic material 
whose yield strength is insensitive to the hydrostatic pressure, i.e. 0=k , Dao et al. 









σσ ENNNC y             (4-13) 
where 21 , NN  are computationally derived dimensionless constants which depend 
only on indenter geometry; yσ  is the yield strength and 29.0σ is the stress when the 
plastic strain reaches 0.29 under a tensile test; 2
*
1 ν−=
EE is defined as the reduced 
modulus where ν,E  are the Young’s modulus and the Poisson’s ratio of the sample 
material, respectively. For elastic-perfectly-plastic materials, 029.0 σσσ ==y , thus Eq. 







ENNNC                 (4-14) 
 
For coefficient M  in Eq.(4-12), parametric studies showed that there was an 
exponential function between M and 0σ   when the reduced modulus was fixed 
(Fig.4-6). 
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Figure 4-5 The effect of the internal friction coefficient k  on C  for 
elasto-plastic materials. GPa.   σ.   vGPa.E 080,40,03 0 === . 
 
On the other hand, an exponential relation between 0/σM  and */1 E is also 
observed when 0σ  was fixed (Fig.4-7). Further comprehensive parametric studies 
combining the effects of both 0σ  and *E  indicate that the coefficient M can be 
well described by the following equation,  
⎥⎦
⎤⎢⎣
⎡ −+= )exp( *03210 EMMMM
σσ                (4-15) 
where 321  and , MMM are also computationally derived dimensionless constants  
depending only on indenter geometry.  
 
Substituting Eqs.(4-14) and (4-15) into Eq.(4-12), one obtains,  











σσσσ      (4-16) 
This equation suggests that the loading curve of the present visco-elastic-plastic 
model is directly linked to the two plastic parameters under fast loading test 
conditions. If the reduced modulus *E  is known, two independent indentations are 
required to determine the two unknowns, that is, the yield strength under pure shear 
deformation, 0σ , and the internal friction coefficient, k .  Indentation with two 
different indenter geometries can give the following two equations, 











Figure 4-6 The effect of 0σ  on 0/σM . 40,03 .   vGPa.E == . 
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4.2.3 Formulating Elastic, Visco-elastic-plastic Deformations  
 
Steps 4 and 5 were used to extract the elastic and visco-elastic-plastic properties 
of polymeric materials using a sharp indenter.  During the reloading process, the 










  Figure 4-7 The effect of  *E  on 0/σM . 
 
 - 74 - 
material surface is no longer flat and the deformed configuration will inevitably affect 
the indentation creep test. Thus Sneddon’s solutions [16] to the indentation on an 
elastic half-space using an axisymmetric indenter cannot be applied directly to derive 
the analytical visco-elastic solutions.  
 
4.2.3.1 Concept of “Effective Indenter” 
Recent studies [17, 18] showed that indentation on a deformed elasto-plastic 
sample can be well reproduced by that on an undeformed elastic half-space with an 
“effective indenter”.  Pharr and Bolshakov [17] found that the unloaded surface 
profile of an impression is not exactly conical or pyramidal in shape and the profile of 
the “effective indenter” can be conveniently represented by the simple power-law 
relation (Fig.4-8 (a)), 
nBrz =                      (4-18) 
On the basis of extensive experimental results for various ceramic, metallic and even 
organic materials, Sakai [18] found that the unloading/reloading indentation processes 
for a locally deformed conical/pyramidal impression can be well approximated by the 
equivalent mechanical process of a conical/pyramidal indenter with the effective face 











                  (4-19) 
where β is the face angle of the original conical/pyramidal indenter, hr is the residual 
indentation depth and hm is the maximum indentation depth. Obviously, Sakai’s 
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approximation uses the assumption that the deformed profile is a straight line and 
there is no convex curvature in the impression surface.   Hence, once the “effective 
indenter” profiles are known, it is possible to obtain the analytical solutions to the 
indentation on a plastically deformed visco-elastic-plastic material by combining 
Sneddon’s solution [16] with the Radok’s method [19].  
 
Figure 4-8 Schematic illustration of the replacement of an indentation on a 
deformed surface with an effective indentation on a flat surface.  (a) Pharr 
and Bolshakov’s effective indenter, and (b) Sakai’s effective indenter. 
 
4.2.3.2 Analytical Solutions to Conical and Parabolic Indentations 
Sneddon’s solution [16] yields the following elastic solution to the indentation 
with Pharr and Bolshakov’s effective indenter, 
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μ          (4-20) 






−=                   (4-21) 
where P is the applied load; μ and ν  are the shear modulus and the Poisson’s ratio, 
respectively; h is the indentation depth, and Γ is the gamma function.  
 
The corresponding visco-elastic solution can be derived by following the 
procedures discussed in Chapter 3. For visco-elastic materials, the governing 








d es εσ QPQP ==                              (4-22) 
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QP
           (4-23) 
where the coefficients ,...)2,1,0(,,, =iqpqp vivididi can be calculated from material 
constants; )4,3,2,1( =iNi are the numbers of the components in the polynomials and 
they are not necessarily equal to each other; and t  is time. 
 
From Radok’s method [19], i.e., replacing the elastic parameters by the 
equivalent visco-elastic operators, the corresponding function equations for the 
indentation with Pharr and Bolshakov’s effective indenter [17] and Sakai’s effective 
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indenter [18] can be derived respectively as,  

































        ( ) ( ) ))(()2(cot2))(()2( 2 thtP dvvddeffdvvdd QPQPQQPQPP +=+ πβ  (4-25) 
Here, only the solutions based on Model (b) (Fig.3-1, Chapter 3) were derived for 
demonstration considering the solutions based on Model (a) & (c) (Fig.3-1, Chapter 3) 
can be obtained by following the same procedure. With the assumption that the 
volumetric part responds elastically under a moderate hydrostatic pressure [1-3], the 
constitutive equations of such a model can be written as, 










































   (4-27) 
where 21 ,ηη  are the viscosity coefficients of the dashpots; )2,1,0( =iGi  are the 
shear moduli of the spring elements and 0K  is the bulk modulus of the first spring. 
The shear moduli iG  and the bulk modulus 0K  can be related to their Young’s 




EG ii ν ,   )21(3
0
0 ν−=
EK            (4-28)  
Here it is assumed that all the three springs share the same Poisson’s ratio ν.   
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In a creep test, a load creepP  is suddenly applied and held for a period of time.  
Thus the load P can be expressed as a step function, 
)()( tHPtP creep=                      (4-29)  
where H(t) is the Heaviside unit step function. Substituting Eqs. (4-26), (4-27) and 
(4-29) into Eqs.(4-24) and (4-25),  one obtains the corresponding function equations 


















































































    (4-31) 
where )4,...1,0(, =iba ii  can be calculated from 21021  and ,,, qqqpp . Eqs.(4-30) and 



















































π              (4-33) 
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i sb , and the rest of the parameters 
)4,...,1,0( =ihi  can be obtained by Eq.(4-34). So the visco-elastic solutions to the 
indentation creep test by Pharr and Bolshakov’s effective indenter and by Sakai’s 




































BnPth π   (4-35) 
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4.3 Experimental Verification and Material Parameter 
Extraction 
4.3.1 Experiments Using the Five Step Scheme 
 
A series of indentation tests following the five-step scheme were conducted on 
polymethyl methacrylate (PMMA, E=2.6~3.2GPa, Goodfellow Ltd, UK). Two 
different indenters were used: a Berkovich indenter, which can be modeled as an 
equivalent cone with a half-included angle of 70.3°, and a conical indenter, of which 
its half-included angle is 45°.  Each indentation test was repeated on 5 different 
positions. Four groups of tests were conducted. The first group was carried out to 
verify the scaling relation discussed in Section 4.1.3 using a linear loading & 
unloading test with a holding segment at various peak loads with loading, holding and 
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unloading time fixed at 20s, 60s and 20s, respectively. The peak loads varied at 3mN, 
5mN, 10mN and 20mN and only the Berkovich indenter was used.  The second 
group was carried out to determine the elastic-viscoelastic parameters using the 
five-step scheme with the Berkovich indenter. The third group focusing on the loading 
curves was carried out to find the coefficient C  under the extreme condition with 
negligible visco-elastic influence using a linear loading & unloading test with 
different loading time. Both indenters were used. The maximum load was fixed at 
10mN for the Berkovich indenter and fixed at 2mN for the conical indenter. The last 
group was carried out using the Berkovich indenter to check the predictive capability 
of the present model. The linear loading & unloading tests both with and without a 
holding segment were used with arbitrary combinations of the loading time, the 
holding time and the unloading time.  
 
4.3.2 Verification of the Scaling Relations 
 
Fig.4-9(a) shows the original load-depth of the first group of tests, while 
Fig.4-9(b) shows these curves scaled by the peak load point )),(( maxmax PPh at the end 
of the loading segment. The good scaling relation confirms the prediction of the 
scaling relationship discussed in Section 4.1.3. The normalized response can thus be 
used to compare different loading history when tests were conducted at different peak 
load-loading rate combinations. This scaling relation implies that no more information 
can be obtained from the load-depth curves at different peak loads than from a single 
load-depth curve if the actual loading, holding and unloading time remains the same.   
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Figure 4-9 (a) Experimental load-depth curves under a three-segment 
loading history. The loading, holding and unloading segments take 20s, 60s 
and 20s, respectively. (b) Experimental load-depth curves scaled by the 
peak load point )),(( maxmax PPh at the end of the loading segment. 
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4.3.3 Determination of the Visco-elastic Parameters 
 
The profile of Sakai’s effective indenter can be determined easily from 
experiments by Eq.(4-19).  The ratio between the residual depth and the maximum 
depth hr/hm, which can be determined directly from the loading (Step 1) and unloading 
(Step 2) curves, was found to be 0.579, which is very close to the value reported by 
Sakai and Nakano [20]. Hence °= 97.7effβ  can be obtained.  
 
Table 4-1 lists the extracted elastic-viscoelastic parameters at different values of 
Pcreep/Pmax by fitting the solutions based on Sakai’s effective indenter with the creep 
data obtained by Step 5 of the five-step test. The time-constants of the two 
Kelvin-Voigt units, 1τ  and 2τ , which are defined as )2,1( == iGi
i
i
ητ , are also listed. 
It is evident that  1τ  and 2τ  are much larger than the loading and unloading times 
(Steps 1 and 2). Therefore, negligence of visco-elastic deformation during the first 
two steps is justified.   
 
Table 4-1 Extracted elastic-viscoelastic parameters at different values of 
Pcreep/Pmax by using Sakai’s effective indenter. 





2.99±0.03  0.40±0.00  13.58±0.54  58.92±2.35  12.15   10.37±0.15  1032.35±42.42  278.74  
2.99±0.05  0.40±0.00  9.12±0.52  53.01±1.98   16.28   9.04±0.22   990.85±24.59   306.90
2.97±0.01  0.40±0.00  7.52±0.34  46.64±1.85   17.37   6.76±0.23   918.37±45.53   380.39
2.98±0.01  0.40±0.00  5.55±0.28  43.25±1.95   21.82   5.86±0.20   780.56±20.35   372.96
 
It can be seen that the instantaneous Young’s modulus E0 and the Poisson’s ratio 
ν were independent of the creep load Pcreep. Both parameters are in good agreement 
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with the values listed in the product sheet, i.e., E=2.6~3.2GPa and ν=0.38~0.42. More 
interestingly, they are also very close to the ones extracted by the indentation creep 
test using a flat-ended punch (Table 3-2, Chapter 3,). Thus it can be concluded that the 
elastic parameters E0 and ν could be accurately extracted using Sakai’s effective 
indenter. It is noted that the values of the extracted visco-elastic parameters E1, ŋ1, E2 
and ŋ2 decreased with increasing Pcreep/Pmax. Such dependence will be discussed 
shortly. 
 
To estimate the influence of plastic deformation on the extracted parameters, 
the visco-elastic solution to the indentation using a conical indenter was also used to 
fit the experimental creep curves obtained by conventional indentation creep tests (i.e. 
loading + holding). Plastic deformation was assumed to be absent and therefore the 
surface angle β was set to be 19.68° to model the Berkovich indenter. It was found 
that the extracted Young’s modulus E0 was only around 1.33GPa, which is much 
lower than the values obtained by the five-step loading scheme (See Table 4-1). This 
underestimation implies that the plastic deformation induced in a sharp indentation of 
polymeric materials is significant and cannot be neglected. 
 
Unlike Sakai’s effective indenter, Pharr and Bolshakov’s effective indenter, 
although believed to be more accurate from the modeling point of view, cannot be 
directly determined from the residual indentation depth. It is true that the exponent n 
uniquely relates to hr/hm for elastic-perfectly-plastic materials [17], however, 
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calculating n from hr/hm for materials with strain hardening is not a trivial task. It is 
observed from Eq.(4-32) that the indentation depth by Pharr’s effective indenter is 
proportional to )1/()( +nncreepP  , i.e., 
 













iehhtC  depends only on material parameters, and h(0) is 
the instantaneous indentation depth at the beginning of a creep test. Hence the 
exponent n can be determined by normalizing the creep curves at different loading 
levels using Eq. (4-37). In this study, the maximum load was Pmax=8.0mN, and four 
creep loads, i.e., Pcreep =1.6mN, 4.0mN, 5.6mN and 7.2mN, were chosen in the 
normalization. It was found that if the exponent n=5.67 (i.e., n/(n+1) =0.85), the four 
creep curves collapsed into a single one as shown in Fig.4-10. However, to fully 
determine Pharr and Bolshakov’s effective indenter, another parameter, B, still needs 
to be determined from the experimental data. Since elastic deformation dominates the 
reloading step (that is, Step 4 in the five-step test scheme), Sneddon’s elastic solution 
can be used to describe the load-depth relation (see Eq.(4-20)), 























    (4-38) 
Here only the transitional point at the end of the reloading step and the beginning of 
the creep step was considered. It is noticed that B, n, Pcreep, E0 and ν determine the 






























by using Eq.(4-38) since Pcreep is known and h(0) can be determined by experiments. 
Considering E0 and ν can be accurately extracted using Sakai’s effective indenter as 
shown above and n can be determined by normalizing the creep curves at different 
creep load levels, the parameter B of Pharr and Bolshakov’s effective indenter can 
thus be calculated.  It was found that 67.4046.0 −= mB μ for the present experimental 
results. Since the exponent n is quite large (>5.0) for polymeric materials [17], the 
extracted parameters are in fact insensitive to B.  
         
Once the effective indenter profile is determined, the elastic parameters, 0E  





















Figure 4-10 Normalization of the creep curves at different creep loading 
levels. The exponent in Eq.(4-37), n/(1+n), was determined to be 0.85. 
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and ν  and the visco-elastic parameters E1, ŋ1, E2 and ŋ2 can be uniquely extracted by 
fitting the solution based on Pharr and Bolshakov’s effective indenter with the 
five-step experimental results. Table 4-2 lists the extracted values of these parameters.  
It was found that the values of elastic modulus and Poisson’s ratio were nearly the 
same as those obtained using Sakai’s effective indenter, validating the method used to 
determine the profile of Pharr and Bolshakov’s effective indenter. It is noticed that the 
values of visco-elastic parameters were nearly independent of the creep loading levels, 
and were not too far from the ones extracted using Sakai’s effective indenter. The 
extracted elastic parameters, E0 and ν, by both Pharr and Bolshakov’s and Sakai’s 
effective indenters agree well with the values listed in the product sheet. Furthermore, 
the two elastic parameters are also nearly the same as the ones of bulk PMMA whose 
properties were determined by using flat-ended punch indentations (Table 3-2, 
Chapter 3). This insensitivity of the elastic properties to the indenter’s shape and the 
stress distribution beneath the indenter may be attributed to the insensitivity of the 
bending and stretching of inter- and intra-molecular bonds to external stress.  
 
Table 4-2 Extracted elastic-viscoelastic parameters at different values of Pcreep/Pmax  
by using Pharr and Bolshakov’s effective indenter. 





2.98±0.01    0.40±0.00  11.25±0.70  51.06±1.07  12.71  6.57±0.15  973.50±40.53  414.89
2.98±0.01    0.40±0.00  11.75±0.50  50.96±1.67  12.14  6.63±0.10  975.53±43.23  411.99
2.97±0.00    0.40±0.00  11.08±0.50  51.95±2.40  13.13  6.59±0.19  980.12±45.76  416.44
2.97±0.01    0.40±0.00  11.55±0.88  52.82±3.24  12.80  6.51±0.13  970.46±45.10  417.40
 
The fitting curves at different creep loading levels using the solutions based on 
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Although a good fitting was achieved based on Sakai’s effective indenter, the 
extracted visco-elastic parameters were dependent on the creep loading levels. This is 
in contrast to case of using Pharr and Bolshakov’s effective indenter where the 
extracted visco-elastic parameters are insensitive to the creep loading levels. The 
reason may be attributed to the profile difference between Sakai’s effective indenter 
and Pharr and Bolshakov’s effective indenter.  
















  Experimental data
  Fitting curve by Sakai's indenter
  Fitting curves by 
           Pharr & Bolshakov's indenter
 
Fig.4-11 Good fitting was achieved by using both Sakai’s and Pharr and 
Bolshakov’s effective indenter profiles. 
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Sakai’s  
effective indenter














Fig.4-12 The difference between of Sakai’s and Pharr and Bolshakov’s effective 
indenter profiles.  ar is the critical contact radius with which the two effective 
indenters share the same volume. 
 
Below a critical contact radius ar, Sakai’s effective indenter has a face angle smaller 
than that of Pharr and Bolshakov’s effective indenter at the same indentation depth, 
making it “sharper” than Pharr and Bolshakov’s effective indenter (Fig. 4-12). As a 
consequence, the extracted values of the visco-elastic parameters are overestimated. 
However, above the critical contact radius, Sakai’s effective indenter behaves more 
“bluntly” than Pharr and Bolshakov’s effective indenter (Fig.4-12). Hence the 
extracted values of the visco-elastic parameters are underestimated. This explains why 
the values of the extracted visco-elastic parameters using Sakai’s effective indenter 
decreased with increasing Pcreep/Pmax.  Therefore, to use Sakai’s effective indenter to 
extract accurate values of the visco-elastic parameters, one needs to choose a proper 
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Pcreep/Pmax so that the contact radius can be close to ar. The present experimental 
results (see Tables 4-1 and 4-2) shows that a good agreement of the extracted 
parameters determined by the two effective indenters can be achieved when 
Pcreep/Pmax = 0.5. This is possibly because that around this loading level, the difference 
between the volumes of the two effective indenters is insignificant.  
 
Considering the visco-elastic component of the proposed visco-elastic-plastic 
model is in fact the same as Model (a) (Fig. 3-1(a), Chapter 3), the visco-elastic 
solutions based on Model (a) were also derived and then used to fit experimental 
results. The elastic, visco-elastic-plastic parameters of PMMA were determined as 
follows: GPaE 0.30 = , 4.0=v , GPaE 5.61 = , sGPa.5.8551 =η , and sGPa.0.8000 =η . 
To check the uniqueness of the extracted parameters, the inverse analysis was 
repeated ten times and it was found that the standard deviation of each parameter was 
less than one percent of the mean value (only the mean values were listed here).  
 
4.3.4 Determination of the Plastic Parameters 
 
Fig.4-13 shows the influence of the loading time on the coefficient C , where 
the values of C were obtained by fitting the loading curves with nChP = . To obtain a 
more accurate value of C , curve fitting and extrapolation was used to determine the 
value of C as shown in Fig.4-13. It is found GPaC 997.5=  for the Berkovich 
indenter, and GPaC 310.1=  for the conical indenter.   














The indenter geometry-dependent constants in Eq. (4-17) can be found by 
running a series of finite element simulations. It was found  
05.1311 =N ,24.1, 12 −=N  ,98.65,90.3 1211 == MM  44.6413 =M  for the Berkovich 
indenter, and ,25.0,33.1 22
2
1 == NN  71.84,68.16,82.2 232221 === MMM  for the 
conical indenter.  By solving Eq.(4-17), one obtains GPa12.00 =σ  and 3.0=k . 




σσ , is close to the experimental values 0.085GPa. In addition, the internal 
friction coefficient k  is also comparable to the literature value of 0.25 [6]. These 
minor differences may be attributed to the difference in either materials, or 
Figure 4-13 Variation of coefficient C  with the loading time. 
 - 91 - 
experimental measurements or the constitutive model. 
 
4.3.5 Predictive Performance of the Present Model 
 
Once all the material parameters in the constitutive model are fully determined 
by the five step indentation scheme, they can be used to predict the indentation 
behavior of PMMA under other test conditions. Fig. 4-14 (a), (b) & (c) show the 
comparison between the experimental results and the simulation results under a 
triangle-wave loading history; while Fig. 4-15(a) & (b) show the comparison between 
the experimental results and the simulation results under a three-segment loading 
history. It can be seen that the model can gave a good prediction to the indentation 
behavior of polymeric materials except at the terminal zone. The fact that a larger 
force is needed to retract the tip may be due to the attractive adhesion forces often 
encountered during tip retraction when testing soft materials. Good agreement 
between experiment results and model predictions implies that the model provides a 
good description for thermoplastic polymers and the five-step indentation scheme is a 
useful and practical approach to extract all the parameters in the proposed model.  








































Figure 4-14 Comparison between experimental results and simulation results
under a triangle-loading history. Dots for experimental results and solid lines
with hollow circles for simulation results.(a) Loading in 100s and unloading in
100s; (b) Loading in 200s and unloading in 200s; (c) Loading in 300s and
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Figure 4-15 Comparison between experimental results and simulation results
under a three-segment loading history. Dots for experimental results and solid
lines with hollow circles for simulated results.(a) Loading in 40s, holding in 100s
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4.4 Summary 
A constitutive model was proposed to describe the elastic, plastic and 
visco-elastic/visco-plastic deformations for polymeric materials. The model 
predictions were compared with and verified by experimental results. A five-step 
indentation scheme was proposed to extract all the parameters in the constitutive 
model. Indentation experiments on polymethyl methacrylate (PMMA) following the 
five-step scheme were performed.  To reduce the complexity of the model while 
retaining important features of mechanical responses, both the strain hardening and 
the strain rate effect in the instantaneous plasticity were neglected. The predictions 
using the extracted values of the elastic-visco-elastic-plastic parameters are in good 
agreement with experimental results.  
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Chapter 5    
Indentation of Visco-elastic and 
Visco-elastic-plastic Films Lying on Stiff 
Elastic Substrates 
To extract the “true” properties of a thin film, the substrate effect should be 
avoided in indentation tests. Otherwise, the substrate effect should be explicitly 
considered in interpretation of the indentation data. A thumb-rule to avoid the 
substrate effect is to limit the indentation depth to less than 10% of the film thickness 
[1]. However, this easily implemented rule can only alleviate the substrate effect, but 
cannot eliminate it. In addition, when the thickness of the film is less than the radius 
of the indenter, in particular, when the film thickness approaches nanometer level [2], 
implementation of the rule becomes difficult. As a consequence, solutions explicitly 
considering the substrate effect have to be sought. In this chapter, visco-elastic 
solutions to both flat-ended punch indentations and sharp indentations of polymeric 
films lying on elastic substrates were formulated with the substrate effect explicitly 
taken into account. 
 
5.1 Explicit Elastic Solution to a Flat-ended Punch Indentation 
 
The elastic solution to the axisymmetric Boussinesq problem for an elastic thin 
film overlying a semi-infinite elastic substrate was obtained in the form of integration 
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equations [3]. For a flat-ended punch indentation, the relationship between the applied 
load P  and the indentation depth h  has the following form [3], 









f                      (5-1) 
where the kernel function ( )τK  follows  
              ( ) ( )[ ] ( )dyyKyTyTK ∫ −+++= 1
0
11)( ττπτ           (5-2) 
where the function ( )uT  is defined as 






RuT                (5-3) 
where, fμ  is the shear modulus and fν  is its Poisson’s ratio of the film, R  is the 
punch radius, H  is the thin film thickness, and )(wg  is another kernel that  takes 
different forms depending on the contact type between the film and the substrate. 
 
If an elastic film perfectly bonded to an elastic half-space (substrate), the kernel 
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where, sμ  is the shear modulus and sν  is the Poisson’s ratio of the elastic substrate, 
and sf μμβ =  describes the elastic mismatch between the film shear modulus and 
the substrate shear modulus. 
              
If an elastic film in frictionless contact with an elastic substrate, the kernel 
)(wg  is, 
















−=                          (5-6) 
If the substrate is infinitely stiff, then 0=η , and Eq. (5-5) degenerates into 








                   (5-7) 
The above degenerated form is consistent with the Lebedev’ result of the 
axisymmetric contact problem for an elastic layer [4].  
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From Eq. (5-1), the indentation depth h can be expressed as,  

















                      (5-9) 
From Eqs. (5-3), (5-4) and (5-5), it is observed that if the normalized film thickness 
H/R, sμ  and sν  are known, χ  only depends on fμ  and fν . In order to use the 
correspondence principle between elasticity and visco-elasticity, χ  should be 
expressed explicitly in term of fμ  and fν . However, due to the complexity, it 
seems unlikely to find an exact explicit analytical solution for χ . In the study, a 
numerical solution was sought first, and then an approximate relation was proposed 
for χ .  
              
For Case 1, if there is no distinction between the film and the substrate, then 
1== sf μμβ  and fs νν = , and thus the system is homogeneous.  In this case, χ  
should be independent of H/R and always equal to 1.  On the other hand, if the film 
is very thick, the influence of the substrate will be very weak. In this limiting 
case, ∞→RH , as a result, the influence of the substrate will disappear and χ  will 
again approach to 1.0.  Fig.5-1 shows the variation of χ  with the normalized film 
thickness RH  at different values of β  (here, 4.0== fs νν  is used). The two 
limiting cases discussed above are evident.  
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Extensive numerical calculations show that for a soft film perfectly bonded to a 
hard substrate (Case 1), χ  can be well fitted by the following function,   










2_11_11 ),(         (5-10) 
where )6,...,2,1(_1 =ic i  are fitting coefficients, which depend on sμ , sν  and RH , 
but not on fμ  and fν . The comparisons between the numerical results of χ  and 
( )ffF νμ ,1  for H/R = 0.57, 2.85 and 10.0 are shown in Fig.5-2(a)(b)(c), respectively.   
 
















Figure 5-1 Variation of χ  with the normalized film thickness RH  at 
different values of β . ( sf μμβ = , 4.0== fs νν ) 
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It can be seen that the domain for using Eq.(5-10) is quite wide. It appears that 
the larger the value of RH , the greater the upper limit for β .  For example, the 
upper limit for β  is 08.0  for 57.0=RH ; the upper limit for β  is 0.2 for 
85.2=RH ; and the upper limit forβ  is 0.5 for 0.10=RH  (see Fig.5-2(a)(b)(c)). 
Since the value of RH  used in experiments is generally larger than 0.5, the thin 
film systems, such as a polymeric film, like PET and PMMA, on a hard elastic 
substrate, like Al, Si and Cu are well within the domain of using Eq.(5-10).  










β=0.03  β=0.09  β=0.15
β=0.3    β=0.5   
Figure 5-2 Comparison between χ  and ( )ffF νμ ,1  for a soft elastic film 
perfectly bonded to a hard elastic substrate. (a) 57.0=RH , (b) 85.2=RH , 
and (c) 10=RH . 
c 
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For Case 2, numerical calculations show that a similar relation exists between χ , 
ff νμ  and when 05.0≤η  and 05.0>RH .  The relation has the following form,  










1_22 ),(         (5-11) 
where )5...,2,1(_2 =ic i  are fitting coefficients, which depend on sμ , sν  and RH , 
but not on fμ  and fν . The comparison between the numerical results of χ  and 
( )ffF νμ ,2  is shown in Fig.5-3 (The substrate is taken as silicon with 
218.0 and  1.68 == ss GPa νμ  ).   
    










 uf=3.0GPa         uf=5.0GPa  
 uf=10.0GPa       uf=20.0GPa 
     
Figure 5-3 Comparison of χ and F2( μf,vf ) for a soft elastic film in    
frictionless contact with a hard elastic substrate. (H/R=1) 
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It is observed that Eq. (5-10) and Eq.(5-11) can be expressed in a general form, 










21),(               (5-12) 
For Case 2, 02 =c . Substitute Eq. (12) into Eq. (8), one can obtain an approximate 
relationship between the applied load P  and the indentation depth h ,  

























            (5-13) 
for both Case 1 and Case 2.         
 
5.2 Visco-elastic Solutions to a Flat-ended Punch Indentation 
 
5.2.1 Derivation of Visco-elastic Solutions 
 
Consider a visco-elastic film perfectly bonded to a large hard substrate under 
flat-ended punch indentation, the visco-elastic solutions can be derived based on the 
correspondence principle between elasticity and visco-elasticity. Three constitutive 
models (Fig. 5-4) were employed to describe the visco-elastic film and their 
performances were compared. It should be mentioned that Model (a) in this chapter is 
different from Model (a) used in previous chapters.  In the thesis, only the solution to 
the creep behavior based on Model (c) was given as an example. The solutions based 
on the other two models can be sought in the same way.  
 
For simplicity, Eq.(5-13) can be rewritten as 
 321 hhhh −+=                            (5-14) 
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Based on the correspondence principle, the corresponding form for the visco-elastic 
problem can be written as,         


















Figure 5-4 Three visco-elastic models for the polymer film. 





































































































  (5-16)            
where, 0P  is the suddenly applied force during creep test under flat-ended punch 






P  and 
v
Q  are the Laplace transformations of dP , dQ , vP  and vQ , 
respectively. Since both 
dd
QP  and are the polynomials of s , it can be easily verified 
that, 
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It can be shown that the above equations can be decomposed into 














































                (5-18) 
where, it1− , it2−  and it3−  in Eq.(5-18) are the roots of the equations 0)(1 =sA ,  
0)(2 =sA  and 0)(3 =sA , respectively; and the rest of the parameters can be 
obtained by substituting  it1− , it2−  and it3−  into Eq.(5-18) and comparing with 
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Eq.(5-17).      
            
The inversion of the above transformed solutions gives the relation between the 
indentation depth veh  and time t , 



















































It should be noted that although there are 38 parameters in the relation, obviously, 
these parameters are not independent. As a matter of fact, for Model (c), these 
parameters are only dependent on 10 parameters of the film/substrate system:  7 
material parameters of the film, 2 material parameters of the substrate and the ratio 
of RH .  
 
5.2.2 Experimental Verification 
 
The creep experimental results of glassy polyurethane (GPU) thin films bonded 
to a PET substrate using flat-ended punch indentation were reported by Cheng et al. 
[5]. However, the creep tests were conducted in a very short time and therefore are 
insufficient to verify the present theoretic formulations. For this purpose, indentation 
creep tests with a flat-ended punch ( mR μ5= ) were conducted on PMMA films 
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bonded to Al substrate. In order to compare with the mechanical properties of the 
PMMA films, the creep tests were first conducted on bulk PMMA. The fitting curves 
by Models (a) (b) and (c) are shown in Fig. 5-5, together with the experimental data. 
The extracted visco-elastic parameters are listed in Table 5-1.   
 
It can be seen that all the three models were able to fit the short-time creep 
behaviors well. The elastic modulus and Poisson’s ratio obtained by fitting were about 
GPa95.2  and 0.4, respectively and are in good agreement with literature results. This 
is not surprising since the initial slope of indentation creep curves is dominated by the 















 fitting curve by Model(a)
 fitting curve by Model(b)
 fitting curve by Model(c)
Figure 5-5 Comparison of the experimental creep curve and the fitting curves 
of bulk PMMA by the three visco-elastic models.  
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instantaneous modulus. Therefore, if one only needs to extract the instantaneous 
modulus of bulk polymers, simple models such as, Models (a) and (b), are accurate 
enough. However, Model (a) was unable to fitting the long-time creep behaviors of 
the polymer, while Model (c) was able to give a perfect fitting. This reflects the fact  
 
Table 5-1 Best-fitting visco-elastic parameters of bulk PMMA using the three 
material models. 
Parameters Model (a) Model (b) Model (c) 
E0(GPa) 2.96 ±0.016 2.93 ±0.015 2.98±0.010 
ν0 0.40±0.002  0.40±0.004  0.40±0.004  
E1(GPa) 6.57±0.70  8.57±0.70  9.64±0.68 
ŋ1(GPa.s) 680.35±5.23 750.35±5.23 1050.67±33.92  
E2(GPa) - - 15.48±1.87  
ŋ2(GPa.s) - - 190.78±10.34 
ŋ0(GPa.s) -  1058.23±135.23  3034.32±157.51 
 
that in linear-chain polymers such as PMMA, there are several creep mechanisms 
working at different time scales, which requires more than one Kevin unit at the 
constitutive level to describe complicated creep responses. In addition, the linear 
chains of PMMA tend to slide under shear stress, which makes the polymer behave 
like a viscous fluid. Therefore, a separate Newtonian dashpot is required to describe 
the viscous chain-slippage.  
 
From Eq.(5-3), it is seen that the indentation creep curves are dependent on the 
normalized thickness .RH  Therefore, the radius of the punch end provides a 
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convenient length scale for the film system. The influences of RH  on the creep 
curves of PMMA films perfectly bonded to a silicon substrate were compared in 
















It can be seen that the normalized film thickness RH /  had a great influence on 
the indentation creep curves: the thinner the film, the lower the initial slope of the 
creep curves, and the slower the creep rate. Obviously, this is due to the hard substrate 
effect, which increases the indentation modulus.  From Fig. 5-6, it is also seen that 
 
Figure 5-6 Influence of the normalized film thickness RH  on the creep 
curves of PMMA films perfectly bonded to a silicon substrate. 
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only when RH  is extremely large (>100), does the substrate effect become 
negligible, and the difference in the indentation results between the bulk polymer and 
the polymeric film system can be neglected.  
 
The influence of the shear modulus of the substrate on the creep curves of 
PMMA films is shown in Fig.5-7. In the calculations, 1=RH  was used. It is 
evident that even when the shear modulus of the substrate increases greatly, the 
indentation depth and creep curves only decrease slightly, indicating the effect of the 
elastic property of the substrate on the indentation curves is moderate. This may be 
 
Figure 5-7 Influence of sf μμβ =  on the creep curves of PMMA films 
perfectly bonded to a hard substrate. (H/R=1) 
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due to the fact that all the three values of the substrate shear modulus were much 
greater than that of the film. When the shear moduli of the film and substrate are 
comparable, a greater effect of the substrate shear modulus may be expected.  
 
Eq.(5-19) was applied to extract the visco-elastic property of the film by fitting 
the PMMA/Al experimental results and the GPU/PET experimental results of [5]. 
Table 5-2 lists the fitting coefficients )6...,2,1( =ici  in Eq.(5-12) for the film systems. 
Bulk PMMA has a shear modulus of about 1.0GPa; Al has a shear modulus of 




μβ =  is about 0.034 and 10=RH . 
So Eq. (5-12) and Eq. (5-19) are applicable.  
 
Table 5-2 Fitting coefficients ic  for the three thin film systems: the 1μ m 
thickness GPU/PET; the 5μ m thickness GPU/PET; and the 50μ m thickness 
PMMA/Al. 
 c1 c2 c3 c4 c5 c6 
50µm-thick PMMA 
film on Al 
0.9409 0.0017 0.01204 0.00095 0.72747 0.0025 
1µm-thick GPU 
film on PET 
0.3614 0.3516 0.03768 0.16770 0.67496 0.4191 
5µm-thick GPU 
film on PET 
0.7953 0.1262 0.03362 0.08554 0.71219 0.1366 
 
 
(A)  The PMMA/Al system 
Fig.5-8 shows the fitting curves of the 50µm–thick PMMA film using the three 
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visco-elastic models without considering the Al substrate. Table 5-3 lists the 
best-fitting parameters. It can be seen that all the three models were able to fit the 
experimental creep curve when the creep time is shorter than 300s. For the long-time 
creep, Model (a) failed to fit the creep curve, Model (b) gave a good fitting, while 
Model (c) gave the best fitting. It is noted that the elastic moduli obtained by all the 
three models were approximately GPa80.3 , which is higher than the bulk 
value, GPa94.2 . This is anticipated since the extracted elastic modulus includes the 
contribution from the substrate.  
















 fitting curve by Model(a)
 fitting curve by Model(b)
 fitting curve by Model(c)
 
Figure 5-8 Comparison of the experimental curve and the fitting curves of the 
50µm-thick PMMA film by the three visco-elastic models when the substrate 
is neglected. 
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Table 5-3 Best-fitting visco-elastic parameters of the 50µm-thick PMMA 
film by the three visco-elastic models when the substrate is neglected. 
Parameters Model (a) Model (b) Model (c) 
E0(GPa) 3.82±0.03  3.80±0.01 3.78±0.01 
ν0 0.39±0.004  0.39±0.002  0.39±0.009  
E1(GPa) 6.74±0.02  8.91±0.11  9.87±0.30  
ŋ1(GPa.s) 410.00±0.67  512.07±10.45 691.83±26.57 
E2(GPa) - - 20.23±2.06 
ŋ2(GPa.s) - - 105.74±6.97 
ŋ0(GPa.s) - 3187.67±11.77  3280.62±30.04 
 
 
Fig.5-9 shows the fitting curves of the 50µm–thick PMMA film using the three 
visco-elastic models with considering the Al substrate and Table 5-4 lists the best 
fitting parameters. It can be seen that all the three models were able to fit the creep 
curve when the creep time is shorter than 400s. However, for the long-time creep, 
Model (a) failed to fit the creep curve, while both Models (b) and (c) were able to fit 
the creep curve perfectly. In this case, the elastic moduli obtained by all the three 
models were in the range of GPaGPa 95.2~88.2 , which is very close to the bulk 
value. Since the effect of the substrate on the creep curve has been separated in the 
present formulation, the properties extracted should be the “film-only” properties. It is 
suggested that the elastic modulus of the 50µm–thick PMMA film is essentially the 
same as that of bulk PMMA. This is anticipated since the PMMA film thickness is 
three-orders greater than the radius of gyration for PMMA (≈0.026 mμ ) [6].   
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Table 5-4 Best-fitting visco-elastic parameters of the 50µm-thick PMMA 
film by the three visco-elastic models when the substrate is considered. 
Parameter
s 
Model (a) Model (b) Model (c) 
E0(GPa) 2.88±0.02  2.91±0.02 2.95±0.01 
ν0 0.40±0.001  0.40±0.001  0.40±0.001 
E1(GPa) 5.63±0.01  8.80±0.06  9.61±0.03 
ŋ1(GPa.s) 434.98±0.69  629.33±7.29 1063.05±25.62 
E2(GPa) - - 18.52±1.21 
ŋ2(GPa.s) - - 275.56±26.20 
















 fitting curve by Model(a)
 fitting curve by Model(b)
 fitting curve by Model(c)
Figure 5-9 Comparison of the experimental curve and the fitting curves of 
the 50µm-thick PMMA film by the three visco-elastic models when the 
substrate is considered. 
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ŋ0(GPa.s) - 2942.20±16.68  3234.03±26.96 
 (B) The GPU/PET system 
Eq.(5-19) was applied to extract the visco-elastic property of GPU films by 
fitting the experimental results of flat-ended punch creep indentation [5].  In the 
experiment, two GPU thin films with thickness of 1µm and 5µm, respectively, were 
used. Since the PET is much harder than the GPU, the PET substrate was assumed to 
respond elastically whereas the GPU film was assumed to respond visco-elastically. 
The applied loads for the 1µm-thick GPU film and the 5µm-thick GPU film were 
1.17mN and 0.54mN, respectively. The Young’s modulus of bulk PET was taken as 
2.7GPa and the Poisson’s ratio 0.40 [5].  The Young’s modulus of bulk GPU 
polymer is about 0.055GPa and the Poisson’s ratio is about 0.45 [5]. Therefore,β  is 
about 022.0 . Since the radius of the flat-ended punch was 1.75 µm, the normalized 
film thickness for the 1µm-thick film was 1.57 and for the 5µm-thick was 2.85. Hence 
Eq. (5-12) and Eq.(5-19) are applicable.   The fitting coefficients )6...,2,1( =ici  in 
Eq.(5-12) for the 1µm-thick and 5µm-thick films overlying the PET substrate were 
listed in Table 5-2. Considering that the mechanical properties of a polymeric film 
may be quite different from its bulk counterpart (possibly due to molecule 
confinement or phase transition). Therefore using bulk modulus to replace the film 




μβ =  using the 
extracted modulus and ensure that the conditions for using Eq. (5-12) are truly 
satisfied.  
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Fig.5-10 and Fig. 5-11 compare the performance of the three visco-elastic 
models adopted to fit the creep curves of the 1µm-thick GPU film and the 5µm-thick 
GPU film, respectively without considering the PET substrate.  Table 5-5 and Table 
5-6 list the best-fitting parameters. It should be pointed out that Model (a) is exactly 
the same model as used by Cheng et al. [5]. For this case, Cheng et al.’s results were 
quantitatively reproduced. It can be seen that for the 1µm-thick GPU film, Models (b) 
and (c) fitted the creep curve better than Model (a). For the 5µm-thick GPU film, all 
the three models were able to give good fittings. However, since the substrate effect 
was not considered, all the three models predicted a much higher elastic modulus than 
the bulk value: for the 1µm-thick GPU film, the extracted elastic modulus is about 
GPa18.1 ; for the 5µm-thick GPU film, the extracted elastic modulus is about 
GPa12.0 ; both are much higher than the bulk value, GPa055.0 . Fig.5-12 and Fig. 
5-13 compare the performance of the three visco-elastic models adopted to fit the 
creep curves of the 1µm-thick GPU film and the 5µm-thick GPU film, respectively 
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Table 5-5 Best-fitting visco-elastic parameters of the 1µm-thick GPU film by 
the three visco-elastic models when the PET substrate is neglected. 
 
Parameters Model (a) Model (b) Model (c) 
E0(GPa) 1.18±0.02 1.15±0.01  1.19±0.03  
ν0 0.44±0.01 0.43±0.01  0.44±0.01  
E1(GPa) 8.56±0.16 10.48±0.93  10.74±0.85 
ŋ1(GPa.s) 12.95±0.54 13.12±0.12  22.10±7.44  
E2(GPa) - - 25.04±9.13  
ŋ2(GPa.s) - - 9.91±8.36  
ŋ0(GPa.s) - 11.77±1.43  555.25±93.02  
















 fitting curve by Model(a)
 fitting curve by Model(b)
 fitting curve by Model(c)
 
Figure 5-10 Comparison of the experimental curve and the fitting curves of the 
1µm-thick GPU film overlying the PET substrate by the three visco-elastic 
models when the substrate is neglected. 
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Table 5-6 Best-fitting visco-elastic parameters of the 5µm-thick GPU film by 
the three visco-elastic models when the PET substrate is neglected. 
Parameters Model (a) Model (b) Model (c) 
E0(GPa) 0.12±0.0005 0.12 ±0.0007 0.12±0.0003 
ν0 0.44±0.003  0.43±0.004  0.44±0.003  
E1(GPa) 0.22±0.0004 0.23±0.002  0.22±0.0006 
ŋ1(GPa.s) 0.23±0.0004 0.23±0.001 0.23±0.0007  
E2(GPa) - - 4.32±0.67  
ŋ2(GPa.s) - - 99.81±20.43 
ŋ0(GPa.s) - 15.04±1.38  394.70±35.63  















 fitting curve by Model(a)
 fitting curve by Model(b)
 fitting curve by Model(c)
Figure 5-11Comparison of the experimental curve and the fitting curves of the 
5-µm-thick GPU film overlying the PET substrate by the three visco-elastic 
models when the substrate is neglected. 
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Table 5-7 Best-fitting visco-elastic parameters of the 1µm-thick GPU film by 
the three visco-elastic models when the PET substrate is considered. 
Parameter
s 
Model (a) Model (b) Model (c) 
E0(GPa) 0.23±0.006 0.24 ±0.006 0.23±0.007 
ν0 0.45±0.004  0.45±0.007  0.45±0.006  
E1(GPa) 1.32±0.007 2.19±0.059  2.64±0.069 
ŋ1(GPa.s) 2.03±0.012 0.93±0.075 1.00±0.085  
E2(GPa) - - 0.20±0.06  
ŋ2(GPa.s) - - 45.32±5.34 
















 fitting curve by Model(a)
 fitting curve by Model(b)
 fitting curve by Model(c)
Figure 5-12 Comparison of the experimental curve and the fitting curves of the 
1µm-thick GPU film overlying the PET substrate by the three visco-elastic 
models when the substrate is considered.
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ŋ0(GPa.s) - 8.85±0.228  6.05±1.062 
 
Table 5-8 Best-fitting visco-elastic parameters of the 5µm-thick GPU film by 
the three visco-elastic models when the PET substrate is considered. 
Parameters Model (a) Model (b) Model (c) 
E0(GPa) 0.055±0.0006 0.057±0.0003 0.061±0.0003  
ν0 0.45±0.001  0.45±0.002  0.45±0.003  
E1(GPa) 0.14±0.0001  0.15±0.0004  0.16±0.0001  
ŋ1(GPa.s) 0.15±0.0004  0.15±0.0006 0.15±0.0007  
E2(GPa) - - 0.41±0.002  
ŋ2(GPa.s) - - 22.21±0.81  
ŋ0(GPa.s) - 11.31±0.62  6.26±0.60  















 fitting curve by Model(a)
 fitting curve by Model(b)
 fitting curve by Model(c)
Figure 5-13 Comparison of the experimental curve and the fitting curves of the 
5-µm-thick GPU film overlying the PET substrate by the three visco-elastic models 
when the substrate is considered. 
 - 124 - 
 
It can be seen that for the 1µm-thick GPU film, Models (b) and (c) fitted the 
creep curves better than Model (a). For the 5µm-thick GPU film, all the three models 
were able to give good fittings. Since the substrate effect was considered, the 
extracted elastic moduli were quite different from the results without considering the 
substrate effect. For the 1µm-thick GPU film, the extracted elastic modulus was 
approximately GPa23.0 , which is much lower than GPa18.1 , the elastic modulus 
without considering the substrate effect. It appears that even when the influence of the 
PET substrate was considered, the modulus of the 1µm-thick GPU film is still much 
higher than its bulk counterpart. The higher elastic modulus was attributed to a phase 
transition induced by a hydrostatic pressure [5, 7] since the hydrostatic pressure was 
very high in the 1µm-thick GPU film under flat-ended punch indentation. 
 
It was also found that since the recalculated 085.0== sf μμβ  and 
57.0=RH  for the 1µm-thick GPU film case, the conditions for using Eq.(5-10) for 
the 1µm-thick GPU film were beyond the upper limit (see Fig.5-2(a)). Therefore the 
extracted visco-elastic properties may not be accurate the 1µm-thick GPU film case. 
For the 5µm-thick GPU film, the extracted elastic moduli were in the range of  
GPaGPa 061.0~055.0  for the three models, which is slightly higher than its bulk 
value, GPa055.0 . The reason why the elastic modulus of the 5µm-thick GPU film 
was close to its bulk value may be due to that the film thickness was much greater 
than the radius of gyration (approximately 10nm [8]) and due to that no phase 
transition occurred during the indentations because that the hydrostatic pressure for 
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the 5µm-thick GPU film was five times lower than that for the 1µm-thick GPU film. 
 
5.3 Dealing with Plastic Deformations in Sharp Indentations 
 
5.3.1 Equivalent Visco-elastic Indentation 
 
Unavoidable plastic deformations in sharp indentions usually pose great 
difficulties in finding precise analytical solutions. To avoid treating the plastic 
deformation directly, replacement ideas have been applied to study the indentation 
behavior of elasto-plastic material by using an equivalent elastic counterpart [9-11]. 
The central idea of the equivalent indentation method is to reproduce the same contact 
area using a virtual indenter. Pharr and Bolshakov [9] found that the unloading 
process of indentations on elasto-plastic materials with a sharp indenter can be 
accurately reproduced by the loading process of the indentations on purely elastic 
materials using an effective indenter with a power-law profile. This replacement gave 
a clearer explanation to the widely-used indentation interpretation method [10].  
Sakai [11], on the other hand, proposed a cone with a large half-included angle to be 
the effective indenter. Compared with Pharr and Bolshakov’s replacement, this 
replacement is easier to implement since the equivalent cone can be conveniently 
determined from the residual depth of the sharp indentation. Both of the two 
replacements show that the contact area during the unloading process is not a 
constant.   
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For sharp indentation tests on polymeric materials (visco-elastic-plastic 
deformations involved), it was found that the contact area remains nearly constant 
during the relaxation phase [12], which implies that it may be possible to describe the 
sharp indentation relaxation behavior by an equivalent constant-contact indentation 
model, i.e., a flat-ended punch model (Fig.5-14). This replacement can greatly 
simplify the sharp indentation interpretation since the plastic deformation need not be 
considered explicitly, making an analytical or semi-analytical solution possible.  
 
 
 To check whether this idea is applicable to the indentation relaxation test of a 
polymeric film on a hard substrate, numerical simulations using the general-purpose 
finite element codes ABAQUS [13] were firstly conducted. The Vickers indenter was 

















Figure 5-14 The schematic of replacement of a sharp indentation by a
flat-ended punch indentation. The radius of the equivalent flat-ended punch can
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contact between the indenter and the film surface was assumed to be frictionless. The 
substrate was assumed to be a linear elastic solid. The visco-elastic-plastic model 
formulated in Chapter 4 was used to describe the full mechanical response of the 
polymeric film. The Burgers model (i.e., Model (b) as shown in Fig.5-4) was used in 
the equivalent punch relaxation indentation. The film thickness in the equivalent 
indentation was taken to be the same as that of the original indentation. The radius of 
the equivalent flat-ended punch was determined from an experimentally measurable 
parameter, that is, the residual depth hf. The equivalent indentation depth was set to be 
)( fhh − , where h is the total indentation depth of the sharp indentation (see 
Fig.5-14). 
 
The simulation results show that when the equivalent radius was taken to be, 
)tan(eff βfhR =                        (5-20) 
where Reff is the equivalent radius and β  is the half-included angle of the sharp cone 
indenter, the time-load curves of the punch indentation relaxation tests showed the 
same tendency as the time-load curves of the original sharp indentations (an example 
is shown in Fig.5-15 (a)). Considering the plastic pile-up of the sharp indentation was 
neglected and the equivalent indentation depth )( fhh −  was underestimated, the 
magnitude of the load under the flat-ended punch was lower than that under the sharp 
indentation. It is interesting to see that if the two time-load curves are normalized by 
their respective initial load at 0=t , the two normalized time-load curves collapsed 
into a single curve as shown in Fig.5-15(b). The simulation results show that the  
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  Time-load curve of VEP film by sharp indentation
  Time-load curve of VE film by punch indentation
 



















  Normalized time-load curve of VEP film by sharp indentation
  Normalized time-load curve of VE film by punch indentation
 
Figure 5-15 (a) Comparison between the simulated relaxation curves of a sharp
indentation on a visco-elastic-plastic (VEP) film and its flat-ended punch replacement
on a visco-elastic (VE) film. (b) Comparison between the normalized relaxation curves
of a sharp indentation on a visco-elastic-plastic film and its flat-ended punch
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initial load ratio was relatively sensitive to the change of the indentation depth, but 
insensitive to the change of the plastic properties of the film and the elastic mismatch 
between the film and the substrate.  This is evident from Fig.5-16, which shows the 
variation of the initial load ratio with indentation depth and the plastic material 
parameters (the yielding strength under pure shear deformation 0σ  and the 
yielding-pressure dependence coefficient k  in the visco-elastic-plastic model).  
These results are consistent with Sui and Pharr’s finding [14, 15] that the calculation 
of the true hardness of a soft coating deposited on a hard substrate without measuring 
the pile-up area requires the load to be scaled according to a ratio which depends only 
on the normalized indentation depth Hh (here H is the thickness of the film). The 
similar observation was also reported by Randall [16] and Lim et al. [17].   
 
Through the above analysis, it can be concluded that, during an indentation 
relaxation test, (I) the time-load curves of the equivalent punch indentation and the 
sharp indentation are of the same decay tendency; (II) the time-load curve of the sharp 
indentation can be obtained by shifting the time-load curve of the equivalent punch 
indentation by a factor, which only depends on the normalized indentation depth 
fth , confirming that the residual depth is an efficient measure of plasticity [18]. 
Thus, the indentation relaxation test of a visco-elastic-plastic film under a sharp 
indentation can be interpreted by that of a visco-elastic film under a flat-ended punch 
indentation. Such interpretation allows one to extract the mechanical properties of the 
film by using a sharp indentation since the solution to the latter can be easily sought in 
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an analytical or semi-analytical way. It should be noted that it is unnecessary to 
conduct experiments using a flat-ended punch since the equivalent punch model is 
used just for interpreting the sharp indentation measurement. 
 
It is true that the formula for the equivalent radius of the current punch model 
(Equ.(5-20)) is the same as the one proposed by Doerner and Nix [19]. However, 
there are two fundamental differences between the present work and their work. First, 
the equivalent punch is used to describe the relaxation process (the contact radius is 
nearly constant) rather than the unloading process (the contact radius changes even at 
the beginning of the unloading process). Second, a load rescaling is used to account 
for the difference between the original indenter and the equivalent indenter during the 

















                                         k                          
                            0.1     0.15     0.2    0.25   
                  0.06      
            σ0   0.09      
                  0.12       
                                                                     
 
Figure 5-16 The initial load ratio of the equivalent flat-ended punch
indentation and the original sharp indentation. 
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replacement.  
 
5.3.2 Analytical Solutions 
 
In Section 5.3.1, it was shown that an equivalent punch indentation of a 
visco-elastic film can be used to reproduce the relaxation process of a sharp 
indentation of a visco-elastic-plastic film. The effective radius of the punch can be 
calculated from the residual depth of the sharp indentation (see Eq.(5-20)) and the 
effective load level can be obtained from the initial load ratio which only depends on 
Hh (see Fig.5-16). In this section, a semi-analytical solution to the equivalent punch 
indentation was derived from the corresponding elastic problem and subsequently 
used to extract elastic and visco-elastic parameters of the film through an inverse 
analysis. 
 
The elastic solution of the axisymmetric Boussineq problem for an elastic thin 
film overlying a semi-infinite elastic substrate under flat-ended punch indentation 




























             (5-21) 
where dcba ,,, are dimensionless fitting coefficients that depend only on the 
normalized thickness RH  if the elastic modulus and Poisson’s ratio of the substrate 
are known. This function was obtained by fitting the analytical solution discussed in 
Section 5.1 (Fig. 5-17).  Eq.(5-21) can be rewritten in the following concise form, 

















−=               (5-22) 
















 Then the corresponding visco-elastic solution to the indentation relaxation problem 
can be sought from this explicit solution by the correspondence principle.    
 
For simplicity, Eq.(5-22) can be rewritten as, 
21 PPP +=                       (5-23) 
 
Figure 5-17 Fitting the analytical solution with Eq. (5-21). The Poisson’s ratio of the 
glass substrate is taken to be 0.21. The normalized thickness is 1=RH . The dots 





















For the relaxation problem, the depth is suddenly applied and then held for a period of 
time.  Thus the depth can be written as ( )tHhth 0)( = , where 0h  is the suddenly 
applied depth and H(t) is the step function. Based on the correspondence principle, the 
































where 1,2)(i =iP  are the Laplace transformations of 1,2)(i =iP . dP , dQ are the 
Laplace transformations of dP , dQ  , respectively.  Since both 
dd
QP  and are the 
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                (5-26) 
The inversion of the above transformed solutions gives the relation between the 
load veP  and the time t , 
veveve PPP 21 +=                     (5-27) 























ve iehbRhP . It should be noted 
that the parameters in the relation are only dependent upon the material parameters in 
the constitutive model. 
 
5.3.3 Experimental Verification 
 
Two polymeric films were chosen: one was a PMMA film with a thickness of 
50 μm and the other was a PC film with a thickness of 20μm. The indentation 
relaxation tests were performed using the micro-force tester with a Vickers indenter.  
Three indentation depths, i.e., 10μm, 20μm and 30μm, were selected for the PMMA 
film and two indentation depths, i.e., 10μm and 15μm, for the PC film. For each depth, 
five triangle loading modes (loading time=unloading time) with a loading time of 2s, 
4s, 6s, 8s, 10s were firstly used to check the sensitivity of the residual depth to the 
loading time and then to obtain the residual depth. The relaxation tests were 
conducted by first applying an indentation depth in 2s and then holding it for 330s.  
Each test was repeated 5 times and only the average results were presented here.  
 
1) Equivalent flat-ended punch indentation 
 
An accurate determination of the residual depth is important for the accurate 
calculation of the radius of the equivalent flat-ended punch. Thus it is necessary to 
examine the sensitivity of the residual depth to the loading and unloading time. In the 
experimental measurements, the residual depths of both PMMA film and PC film 
were found to be insensitive to the loading and unloading times (See Fig.5-18). Thus 
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no extrapolation method is needed to obtain a time-independent residual depth. 
 
 
Table 5-9 lists the residual depths, fh , the radius of the equivalent punches, effR  and 
the normalized thickness of the films, effRH  at different indentation depths. Table 
5-10 lists the fitting coefficients in Eq. (5-21). It can be seen that the residual depth 
(also the radius of the equivalent punch) was proportional to the total indentation 
depth, which is consistent with our finite element predictions. Considering the fact 
that the four fitting coefficients a, b ,c and d in Eq.(5-23) depend only on the 





















 PC-10μm          PC-15μm
 PMMA-10μm    PMMA-20μm
 PMMA-30μm
Figure 5-18 The residual depths of PC and PMMA films at different 
indentation depths. A triangle loading history was applied in which the 
loading time was equal to the unloading time.
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normalized thickness effRH [3], it will be convenient to apply the present method by 
using a fixed normalized thickness effRH , say, 0H  since the corresponding fitting 
coefficients remain the same at the fixed normalized thickness.  
 
Table 5-9 Residual depth at different total depth of PMMA film and PC film. 




























Table 5-10 Fitting coefficients of Eq.(5-23) at different normalized thicknesses. 
Poisson’s ratio of the glass substrate is taken to be 21.0=sν . 

































2) Extraction of the visco-elastic parameters of PMMA and PC films 
 
The semi-analytical solution discussed in Section 5.3.2 was applied to extract 
the elastic and visco-elastic parameters by fitting the time-load curves obtained by the 
indentation relaxation tests. Fig.5-19 compares the fitting curves with the 
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experimental curves and Table 5-11 lists the extracted elastic and visco-elastic 




ητ , for the PMMA and 
PC films are also listed in Table 5-11. It can be seen that the loading time of the 
relaxation tests (=2s) was much smaller than the relaxation times. Thus it is 
acceptable to neglect the visco-deformation in the loading step. In addition, since the 
visco-elastic time scales times are much shorter than the relaxation holding time, the 
uniqueness of the extracted visco-elastic-plastic parameters should be ensured. It is 
noted that the extracted Young’s modulus and the Poisson’s ratio, which are quite 
close to the values listed in the product sheets, were independent of the indentation 
depth.  This independence may be explained by the origin of the elastic response of 
polymeric materials, i.e., intermolecular interactions (for example, the stretch and 
distortion of covalent bonds), which usually are insensitive to stress states [20]. The 
visco-elastic parameters ( 11 ,ημ ) of both PMMA and PC films were also nearly 
independent of the indentation depth. This suggests that either the influence of the 
plastic deformation on the conformal changes is insignificant for the two polymers or 
the influence is not universal [21].  However, the extracted viscosity parameter 0η  
was found to be sensitive to the indentation depth. Considering that the extracted 
ν,0E , 11 ,ημ at different depths are nearly constant, it is reasonable to believe that no 
phase transition occurs during the indention [22]. Thus it is likely that the 
depth-dependence of the viscosity may be mainly attributed to the influence of 
hydrostatic pressure through [23], 
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Figure 5-19 (a) Fitting curves of the PMMA film at depths of mμ10 , mμ20  
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Table 5-11 Extracted parameters for the PMMA and PC films. 




















































−= ψηη                     (5-28) 
where aη  is the viscosity at atmospheric conditions, ψ  is a pressure coefficient; 
aP  is the atmospheric pressure, and P is the hydrostatic pressure.  
 
3) Influence of the viscosity-pressure dependence on the extraction of 
elastic-viscoelastic parameters 
 
Finite element simulations were conducted to check whether or not the 
dependence of 0η  on the indentation depth is indeed attributable to hydrostatic 
pressure during indentation. It was shown that if the viscosity coefficient was a 
constant, all the relaxation curves (or creep curves) shared the same tendency and can 
be normalized by the maximum indentation load. However, if the viscosity coefficient 
was pressure-dependent (for example, the dependence was described by Eq. (5-28)), 
the indentation curves did not follow the same tendency. The latter finding was 
confirmed by experimental result (Fig. 5-20).  It is seen that the whole load history 
was sensitive to the indentation depth: the larger the depth (therefore the larger 
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hydrostatic pressure), the slower the load decays due to the increase of the viscosity 
coefficient.  
 
Since the viscosity-pressure dependence was neglected in the 
visco-elastic-plastic model, it is necessary to examine whether this dependence will 
affect the extracted elastic and visco-elastic parameters, that is, 0E , ν , 1E  and 1η . 
The above discussed methodology was applied to fit three time-load curves generated 
by finite element simulations. The used parameters were: GPaE 0.30 = , 4.0=v , 
GPaE 0.51 = , and sGPa.0.3001 =η . The viscosity at atmospheric conditions was 
taken to be sGPa.0.8000 =η and the viscosity-pressure dependence coefficient 
10.6 −= GPaψ . The film thickness was taken to be 1μm and the three indentation 
depth were 0.05μm ,0.07μm and 0.1μm, respectively. The extracted elastic parameters 
( ν,0E ), visco-elastic parameters ( 11 ,ηE ) and visco-plastic parameter 0η  are listed in 
Table 5-12.  
 
It is seen that the values of these parameters were nearly the same as those used 
in the model, but the extracted visco-plastic parameter 0η  was expectedly larger than 
that at atmospheric condition. This finding implies that at the constitutive level, the 
coupling among the elastic, visco-elastic and visco-plastic deformations of polymeric 
materials may be weak. It should be noted that the extracted viscosity parameter by 
the present methodology is only an average measure of the viscosity of the polymers 
at different indentation depths. In the present consideration, it is preferred to exclude 
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the pressure-dependence of the viscosity in the material model in order to retain the 
high-efficiency of the inverse analyses.   
 
Table 5-12 Comparison between the extracted parameters at different 
indentation depths. 



































Figure 5-20 Comparison of the normalized relaxation curves at different 
indentation depths.  
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5.4 Summary 
 
A semi-analytical solution for the creep curves of a polymeric thin film 
overlying a large hard elastic substrate under flat-ended punch indentation was 
presented. The plastic deformation was assumed to be absent. The influences of film 
thickness and the elastic property of the substrate on the indentation creep curves 
were studied. To verify the solution, a flat-ended punch indentation test was 
performed to obtain the long-time creep behaviors of a PMMA film on an alumina 
substrate. The visco-elastic parameters of the film were extracted by fitting the 
experimental results of flat-ended punch indentation. The present approach provides 
an effective way to characterize the mechanical property of a polymeric film on an 
elastic substrate.  
 
In sharp indentations where the plastic deformation was unavoidable, an 
equivalent flat-ended punch indentation was used to reproduce the sharp indentation 
during the relaxation process. The radius of the flat-ended punch can be calculated 
from the residual depth of the sharp indentation and the equivalent indentation 
problem can be solved in a semi-analytical way with the effect of the substrate 
considered. The solution was used to extract elastic and visco-elastic parameters of 
polymeric films through indentation relaxation tests using sharp indenters. The 
extracted elastic properties were independent of the indentation depth. The extracted 
visco-elastic parameters were also independent of the indentation depth except the 
viscosity parameter which was believed to be sensitive to the hydrostatic pressure.  
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Chapter 6 




In recent years, nanoindentation techniques have been finding a wide range of 
applications in studying the mechanical properties of biological materials, such as soft 
tissue structures [1] and especially living cells [2-7]. The mechanical parameters of 
cells are usually estimated by fitting the force-indentation curves with a contact model. 
Hertz’s model [8, 9] and Sneddon’s solution [10] are the most commonly used ones in 
interpreting the indentation data. However, considering that the adopted assumptions 
of these models, such as homogeneous isotropic material, infinitesimal deformations, 
free of pre-stress, may not be met in actual indentations, the accuracy of the extracted 
modulus may not be ensured [11-13].  In this chapter, explorative work on modeling 
the indentation behavior of living cells based on more realistic assumptions was 
presented. 
 
6.1 Model Description 
 
Consider the indentation of a single cell with AFM (Fig. 6-1). The cell 
membrane was modeled as an elastic shell with a thickness of H. Consider that the 
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cell plasma membrane is generally under a non-zero tension, a pre-stress rT  is 
introduced to the elastic shell, which is defined as the radial in-plane tensile force per 
unit length. Suppose the Young’s modulus of the elastic shell is fE  and the 









f =−≡ , where the reduced modulus,
*






E −≡ .  
 
 
Although membranes have long been known to behave elastically under 
stretching and bending, the mechanisms responsible for the visco-elastic behavior of 
cells are yet not fully understood. Previous studies have attributed the visco-elastic 
behavior either to intrinsic visco-elasticity of the cytoplasm [14-16] or to biphasic 














Figure 6-1 Schematic of the model (left) used to study the indentation 
behavior of a cell with the AFM. The interior of the cell is described by the 
standard visco-elastic solid model (right).  
H
Visco-elastic 
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(poroviscoelasticity, [18]). Recently all three mechanisms were analyzed and 
compared with experimental results by using micropipette aspiration tests [19]. It was 
found that the solid-like visco-elastic behavior of chondrocytes was predominantly 
due to the intrinsic visco-elasticity but not due to the biphasic effect [19]. It was also 
found that a simple visco-elastic model (a purely elastic model in parallel with a 
Maxwell model) could predict many aspects of the cell’s creep response [19]. In the 
present study, a similar visco-elastic model as shown in Fig.6-1 was used to describe 
the mechanical properties of the visco-elastic media. In the model, the instantaneous 
shear modulus is 0μ ; its Poisson’s ratio is 0ν ; its elastic and the viscous coefficients 
of the Voigt-Kelvin unit are , and 11 ημ  respectively. This simple visco-elastic model 
was shown to reproduce many important features of cell’s mechanical behavior in 
time-domain [19]. However, it should also be pointed out that this model is 
insufficient to capture the visco-elastic behavior following a power-law [20]. Recent 
study indicated that the cell visco-elasticity is sensitive to the AFM measurement 
frequency: at a low frequency (time-domain), linear visco-elasticity characterized by 
an exponential law (usually described by the combination of springs and dashpots) 
dominates; while at a high frequency (frequency-domain), a nonlinear visco-elasticity 
characterized by a power law dominates [21]. Since the present study is limited to the 
measurements in time-domain, it is reasonable to use the simple model as shown in 
Fig.6-1 to describe the visco-elastic behavior of cells during the indentation processes. 
 
In the present studies, two types of AFM tips were considered: a sharp AFM tip 
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was modeled as a perfect cone with a half-included angle of θ  while a blunt AFM 
tip was modeled as a sphere with a radius of R  (see Fig.6-2). An axisymmetric finite 
element model was also established based on the above bilayered structure with the 
general-purpose finite element (FE) commercial software ABAQUS/Standard v6.4 
(Pawtucket, RI). Considering that the AFM tip is much harder than the soft cell, thus 
assumed to be rigid. In addition, the contact between the AFM tip and the cell 
membrane was assumed to be frictionless. A biased mesh was created with dense 
partition seeds distributed near the tip. Mesh-insensitivity of the simulation results 
















                          
 
 
Figure 6-2 Schematic of the indentation with a rigid sharp cone (left) and with a 
blunt cone (or with a spherical micro-bead) (right).  
θ R
0ra
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6.2 Elastic solutions 
6.2.1 Shallow indentation  
 
Solutions to the elastic counterpart of the aforementioned model were first sought. 
The elastic counterpart is of the same geometric configuration but the original 
visco-elastic solid was replaced with an elastic solid with the Young’s modulus of sE  
and the Poisson’s ratio sν . Its reduced modulus, *sE , is defined as ( )2* 1/ sss EE ν−≡ . 
Considering that the cell interior is very soft and its capability to sustain a shear stress 
in the bonding interface is extremely limited when the outer surface of the cell 
membrane is subjected to an axisymmetric deformation imposed by a rigid cone or a 
rigid sphere, thus the support to the membrane is mainly attributed to the normal 
stress in the opposite direction of the external load.  The FE results confirmed that 
the shear stress in the bonding interface, rzσ , is negligible compared with the normal 
stress, zzσ , when ** sf EE >>  (see Fig.6-3). Hence the indentation of the bilayered 
structure can be further reduced to an elastic foundation problem where a pre-tensed 
shell rests on an elastic foundation which only provides the vertical support (Fig.6-4).  
Thus the governing equation of the deflection of the elastic shell, w(r), can be written 
as [22], 
)()()()( rprqrwTrwD r −=Δ−ΔΔ               (6-1) 
where drdrdrd //1/ 22 ⋅+≡Δ ; )(rq denotes the given surface traction imposed by 
the AFM tip and )(rp  the reaction of the elastic foundation. Here a polar coordinate 
is adopted and a small deflection is assumed.   
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In the case of an isotropic semi-infinite foundation, a special form of solution to 
Eq.(6-1) was found by combining the elastic foundation theory and a result due to 
Boussinesq [23], 
                        ( ) ( )∫∞ ++= 0 *3 0 2/)( sr ETD
drJQrw αα
ααα                  (6-2) 
where ( ) ( ) ( )∫∞= 0 0 ρραρρα dJqQ , 0J denotes the zero-order Bessel function of the first 
kind. In the case of a load P distributed uniformly along the periphery of a circle with 


















Figure 6-3 Comparison between the shear stress rzσ  and the normal stress zzσ  at 
the interface between the membrane and the interior. The parameters used were: 
,10nmH =  ,20nmR =  ,0.1 MPaE f =  ,4.0=fv  ,001.0 MPaEs =  45.0=sν , 
and nmpNTr /0.0= . The indentation depth was 100nm.
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a radius of cr ,  
                        ( ) ( )crJPQ .2 0 απα =                      (6-3) 
In the extreme case where the load P is concentrated at the origin ( 0=ρ ), ( )αQ can            
be obtained from Eq.(6-3) by setting 0=cr , 
                         ( ) πα 2
PQ =                          (6-4) 
Substitute Eq.(6-4) into Eq.(6-2), the indentation depth h, i.e., the maximum 
deflection at the origin, under the concentrated load of F can be obtained,  












π        (6-5) 
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Figure 6-4 Schematic of an elastic foundation problem. The Hookean springs 
represent the elastic foundation which only provides vertical support to the shell.  
q(r) denotes the given surface traction imposed by the AFM tip and p(r) the 
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If the load P is imposed by the AFM tip on a contact area with a radius of a , the 
distribution of the surface traction takes the following form [24], 






Prq ')( 2π                     (6-6)  
where 21)('10 =∫ xdxxq . Thus the indentation depth h, can be obtained by substituting 
Eq.(6-6) into Eq.(6-2),       
               
( ) ( )











...'62 ⋅++= ∫ ∫
∞ λλλ
λ
π    (6-7) 
where, ( ) .2 31*0 sEDl ≡ Define alc 0≡ and ( ) ( ) ( ) .162/0 '330∫∞ ++≡ λλλλ dTcJcI r  
Considering ( )cI  quickly reaches a plateau with ( ) ( )∫∞ ++=∞+ 0 '33 162/1 λλλ dTI r  
when c increases (Fig.6-5), Eq.(6-7) can be reduced to Eq.(6-5) when a shallow 
indentation is applied and thus the integration reaches the plateau. The underlying 
reason for this is that when the contact area is small, the force imposed by the AFM 
tip can be viewed as a concentrated load. Define the normalized load 
as ( ) ( ) 232*31*' HEEPP sf≡ and the normalized indentation depth as Hhh /'≡ , 
Eq.(6-5) can be rewritten in a concise dimensionless form as, 
                     ( ) '' '1 hTCP r ⋅=                        (6-8) 
where the normalized indentation stiffness, ( ) ( )∫ ++≡ ∞0 '333'1 1626 λλλπ dTTC rr , 
depends only on the normalized pre-stress 'rT . 
 
Fig.6-6 compares the above analytical results with the FE simulation results. At 
a small indentation depth, Eq.(6-5) can give a satisfactory prediction. However, an 
apparent deviation occurs when the indentation depth is large and therefore the small 
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deflection assumption is invalid. Since the finite strain formulation results in a 
complicated governing equation of the deflection, which is intractable to analytical 
solutions, alternatively, a numerical method, i.e, the finite element method, was used 




      
 6.2.2 Moderate indentation depth 
 
The '~' hP relation can be generalized to the finite strain indentation by 
following the conventional way of adding high-order terms to Eq.(6-8). Only the 
indentation with a moderate indentation depth was considered in the present study and 
any terms higher than the quadratic were discarded. Thus, 
           
 
( ) 22'1 ''' hChTCP r +=                                         (6-9) 
A systematic FE analysis was performed to estimate the coefficient 2C . It was found 
that unlike 1C , 2C  was insensitive to the pre-stress,
'
rT . This is possibly due to the 
fact that nonlinearity arising from the large indentation of elastic materials is mainly 
due to finite rotation and finite strain. For the concentrated-load indentation, 18.02 =C . 
For a conical or a spherical indentation, the validity of the above scaling relationship  
 











Figure 6-5 The plot of the variation of ( )cI  with c. The integration quickly 
reaches a plateau with ( ) ( )∫∞ ++=∞+ 0 '33 162/1 λλλ dTI r  when c increases. 
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6.2.2 Moderate-depth Indentation 
 
The '~' hP  relation can be generalized to the finite strain indentation by 
following the conventional way of adding high-order terms to Eq.(6-8). Only the 
indentation with a moderate indentation depth was considered in the present study and 
any terms higher than the quadratic were discarded. Thus, 






















Figure 6-6 Comparison of the analytical prediction by Eq.(6-5) (dots) with 
nonlinear finite element simulation results (solid lines) at different pre-stresses. 
The mechanical parameters used were: ,5nmH = ,0.1 MPaE f = ,45.0=fv  
MPaEs 001.0= , and .4.0=sv  The radius of the AFM tip was 20nm.  
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                      ( ) 22'1 ''' hChTCP r +=                          (6-9) 
A systematic FE analysis was performed to estimate the coefficient 2C . It was found 
that unlike 1C , 2C  was insensitive to the pre-stress 
'
rT . This is possibly due to the 
fact that nonlinearity arising from the large indentation of elastic materials is mainly 
due to finite rotation and finite strain. For the concentrated-load indentation, 
18.02 =C . For a conical or a spherical indentation, the validity of the above scaling 
relationship needs to be verified since the integration ( )cI  may not reach the plateau 
(Fig.6-5) when the contact radius a  is large and thus alc 0=  is too small. Fig. 6-7 
compares the influence of 0l  and a  on the '~' hP  relation for a spherical 
indentation with nmR 60=  in the absence of pre-tension.  Such a large radius was 
deliberately chosen so as to create a large contact area. The variation of 0l  between 
13nm and 35nm was chosen by adjusting the magnitude of the shell modulus. It can 
be seen from Fig. 6-7 that the '~' hP  scaling relationship fails when a  is larger 
than 0l  (corresponding to the cases of MPaE f 5.0=  and MPaE f 1.0=  in 
Fig.6-7). However, when a  is smaller than 0l  (corresponding to the cases of 
MPaE f 0.1= and MPaE f 0.2=  in Fig.6-7), it is evident that the two '~' hP  curves 
collapse into one, indicating that the '~' hP  relation is independent of the 
mechanical parameters for these cases. From the results shown in Fig.6-7, it can be 
concluded that the above scaling relationship (Eq.(6-8) and Eq.(6-9)) is valid for 
practical AFM indentations using commercial tips since the integration ( )cI  can 
always reach the plateau (estimated on typical values: the radius of the AFM tip is 
around 20nm, 1000~** sf EE  and nmH 8~ ). However, when a large contact is 
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involved (for example, the indentation using a micro-bead attached to the cantilever 
beam of the AFM), the scaling relationship is invalid. The FE simulations showed that 
for the latter case, the contribution of the cell membrane was negligible while the 
effect of the extracellular substrate was significant.  
 
For the indentations using commercial AFM tips, the FE simulations show that 
for a conical or a spherical indentation, the coefficient 2C  is slightly influenced by 













 Ef=0.1MPa   l0=13nm
 Ef=0.5MPa   l0=22nm
 Ef=1.0MPa   l0=28nm
 Ef=2.0MPa   l0=35nm
R=60nm
Figure 6-7 The influence of 0 and la on the '~' hP  scaling relationship. The 
parameters used are: ,5nmH =  ,1.0=fE  0.5, 1.0, and ,0.2 MPa ,45.0=fv  
,001.0 MPaEs =  4.0=sv  and nmR 60= . 
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the geometry of the tips due to the weak dependence of the stress distribution on the 
indenter geometry. For a conical indentation, 18.02 =C ; for a spherical indentation, 
19.02 =C  when 5≤HR  and 20.02 =C  when 5>HR . The elastic solution in 
terms of the indentation load P and indentation depth h can be recovered by 
substituting the mechanical parameters into Eq.(6-9),   














           (6-10) 
where the apparent reduced modulus (or the effective reduced modulus) is defined as 
32*31**
sfeff EEE ≡ . Eq. (6-10) clearly shows that when a small tip is used to probe the 
mechanical properties of cells, the contribution of the cell membrane to the overall 
indentation stiffness is important and can not be neglected. Otherwise, the stiffness of 
the soft interior will be greatly overestimated.  
 
6.3 Visco-elastic solutions 
 
As discussed in Section 6.1, in the present study, the deviatoric deformation of 
the cell interior was described by the standard visco-elastic model as shown in Fig.6-1; 
and the volumetric deformation was assumed to be elastic and was characterized by 
the bulk modulus ( )000 21/3/ ν−≡ EK , where ( )000 12 νμ +=E  and 0ν  is the 
Poisson’s ratio which was assumed to remain unchanged during visco-elastic 
deformation. So, in the operator form, the constitutive relations can be expressed as  







d es εσ QPQP  ==                               (6-11) 
where, { },1 1 tpd ∂+=P { },10 tqqd ∂+=Q  1=vP , 03Kv =Q , ( )1011 / μμη +=p , 
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)/(2 10100 μμμμ +=q , and )/(2 10100 μμημ +=q . The visco-elastic solutions can be 
derived from the corresponding elastic solution by Radok’s method [25]. The 
normalized pre-stress was assumed to be fixed.   
 
6.3.1 Solution to the Relaxation Test  
 
In the indentation relaxation test, the sample is subjected to a suddenly applied 
constant displacement, 
                            ( ) ( )tHhth 0=                      (6-12) 
where 0h  is a constant and ( )tH  is the Heaviside unit step function. Eq.(10) can be 
rewritten as, 
                ( ) )()( 2320201*21*23 tHhCHhCEEtP sf +=          (6-13) 
The Laplace transformation of the visco-elastic solution should take the same form as 
Eq.(6-13), 
                 ( ) )()( *232020121*23 tHEhCHhCEtP sf +=         (6-14) 
where the ‘ ’ represents the Laplace transformation. By Radok’s method [25], 


















μ .           (6-15) 
Substitute Eq.(6-15) into Eq.(6-14) and rewrite in terms of p1, q0 and q1, 














++=  (6-16) 
Here a general procedure was applied to conduct inverse Laplace transformation in 
order to make it also applicable to more complex visco-elastic models. Collect s  in 
Eq.(6-16), 
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              ( ) ( )( )sA sBshCHhCEtP llf .
1)( 2320201
21*23 +=               (6-17) 
where )(),( sBsA ll are both polynomials of s . It can be shown that above equation 
can be decomposed into, 












hCHhCEtP      (6-18) 
where lit− (i=1,2) in Eq.(6-18) are the roots of the equation 0)( =sAl ; and if  
(i=0,1,2) can be obtained by substituting lit−  into Eq.(6-18) and comparing with 
Eq.(6-17). Thus the inversion of the above transformed solutions gives the following 
visco-elastic relations between the load and time for the indentation relaxation test,    














lieffhCHhCEtP       (6-19) 
 
6.3.2 Solution to the Creep Test 
 
In the indentation creep test, the sample is subjected to a suddenly applied 
constant load, 
                            ( ) ( )tHPtP 0=                      (6-20) 
where ( )tH  is the Heaviside unit step function. Rewrite Eq.(6-10), 





PthCtHhC =+             (6-21) 
Apply Laplace transformation to the above equation, 








PthCtHhC =+           (6-22) 
Substitute Eq.(6-15) into the above equation and collect s, 
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21 =+             (6-23) 
Eq.(6-23) can be decomposed into, 















PthCtHhC δδ        (6-24) 
where cit− (i=1,2) in Eq.(6-24) are the roots of the equation 0)( =sBc ; iδ  (i=0,1,2) 
can be obtained by substituting cit−  into Eq.(6-24) and comparing with Eq.(6-23). 
Thus,  
















PthCtHhC δδ        (6-25) 
The creep curve ( )td  can be obtained by solving the quadratic equation, 





























P δδδ .  
 
6.3.3 Solution to the Linear-loading Test  
 
Rearrange Eq.(6-10) as, 





PhCHhC =+              (6-27) 
 Define ( ) ( ) ( )( ) 23221 thCtHhCte +≡ξ and ( ) ( ) 23tPt ≡χ , then Eq.(6-27) can be written 
as, 




tt χξ =                    (6-28)  
For the indentation creep test, that is, a constant load 0P  is suddenly applied and 
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held, ( )tcξ  can be obtained by following the same procedure as discussed in Section 
6.3.2, 










−         (6-29) 






i EetG ic∑ = −−≡ δδ ; 210 ,, δδδ and 21  , cc tt  are exactly the same as the 
ones in Eq.(6-29). The general ( ) ( )tt χξ ~  relationship can be written as, 







t χχξ ∫ −+=           (6-30) 
In the case of a linear loading test, ( ) maxmax / ttPtP =  and ( ) ( ) 2323maxmax / ttPt =χ , 
where maxP is the final load applied at the end of the test and maxt is the total duration 
of the test; maxmax / tP  defines the loading rate. Thus, 

































dχ     (6-31) 
Substitute Eq.(6-31) into Eq.(6-30), ( )tξ  can be obtained. Then the indentation depth 
during the linear loading indentation test, ( )th , can be obtained, 
                 











ξ++−=            (6-32) 
 
 
6.4 Numerical Verification and Parametric studies 
 
6.4.1 Numerical Verification 
 
  The above visco-elastic solutions were validated by FE simulations. The 
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following three sets of typical mechanical parameters of the cell structure were used, 











      
























For the creep and relaxation tests, all the three sets of the parameters were used.  The 
constant load F0 for the creep tests was 50pN and the constant depth d0 for the 
relaxation tests was 100nm.  For the linear loading tests, the first parameter set was 
used and the following three loading times were chosen: tmax = 5s, 50s and 150s. For 
all the cases, a rigid spherical tip with a radius of 20nm was used. The comparisons 
were made in Fig.6-8 (a) for the creep tests between Eq.(6-26) and the FE results, in 
Fig.6-8 (b) for the relaxation tests between Eq.(6-19) and the FE results, and in 
Fig.6-8(c) for the linear loading tests between Eq.(6-32) and the FE results, 
respectively. The good agreement between these equations and the numerical results 
demonstrates the accuracy of the present semi-empirical solutions, which provide an 
efficient way to study the visco-elastic properties by AFM indentation tests.  
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6.4.2 Parametric Studies  
 
The effect of the pre-stress of cell membranes   
   As discussed in Section 6.2.1, the slope of the linear component of the 
normalized load-indentation data, i.e. ( )'rTC , is directly related to the normalized 
pre-stress of cell membranes, i.e. 'rT , through 







6.4.2 Parametric Studies  
 
The effect of the pre-stress of cell membranes   
   As discussed in Section 6.2.1, the slope of the linear component of the 
normalized load-indentation data, i.e. ( )'rTC , is directly related to the normalized 
pre-stress of cell membranes, i.e. 'rT , through 
( ) ( )∫∞ ++= 0 '333' 1626 λλλπ dTTC rr            (6-33) 
Fig.6-9 shows the variation of the normalized slope, i.e. ( ) ( )0' CTC r , with the 
normalized pre-stress. It can be seen that in small indentation, the slope is quite 























Figure 6-8 Comparison between analytical solutions (solid lines) and numerical
solutions (hollow dots). (a) the creep tests; (b) the relaxation tests; and (c) the linear
loading tests. For (a) and (b), (1) denotes the first parameter set; (2) the second
parameter set and (3) the third parameter set. 
c 
 - 165 - 
sensitive to the pre-stress of cell membranes. Therefore, the extracted apparent 
modulus will be overestimated if the pre-stress is present but neglected. Considering 
the nonlinear component is insensitive to the pre-stress, this overestimation can be 
alleviated by adopting a deeper indentation.    
   














     Figure 6-9 Variation of the normalized slope of the normalized load-indentation data    
with normalized pre-stress. 
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Another interesting finding is that beside the bilayered structure of cells, the 
pre-stress of cell membranes also contributes to the linear dependence of the load on 
the indentation depth considering the weight of the linear component increases with 
the pre-stress (see Eq.(6-10) and Fig.6-6). In the absence of pre-stress, the linear 
dependence breaks at a very shallow indentation depth around 30nm, while this range 
can be extended to hundreds of nanometers when the pre-stress is significant.     
 
The effect of visco-elastic properties  
Compared with polymeric materials, the visco-elastic characteristic time scale 
of cells at the constitutive level, i.e. 111 μητ = , is much shorter, for example, about 1s 
for NIH 3T3 fibroblasts [1]; about 1.32s for bovine articular chondrocytes [16]. When 
the test duration is at the same order as 1τ , the viscous contribution will be 
significant and thus should be taken into account to extract mechanical parameters of 
the cells.  
  
Fig.6-10 compares the influence of different visco-elastic time scales on the 
relaxation indentation curves by varying the viscosity coefficient 1η . The pre-stress is 
assumed to be absent. Eq.(6-19) was used to generate these curves. It can be seen that 
the saturation time increased with an increase in the visco-elastic characteristic time 
scale 1τ  while the saturation load was independent of the time scale since the 
long-term modulus was fixed (the vertical arrows in Fig.6-10 indicate the saturation 
point). Apparently to minimize viscous contribution to the indentation curves during 
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the AFM indentation test, a longer collection time (>the saturation time) and therefore 
a lower z-scan velocity (indentation velocity) are preferable. It should be pointed out 
that the apparent reduced modulus extracted after the saturation corresponds to the 
long-term reduced modulus, that is, 
                           ( ) 32*31** )(∞≡∞ sfeff EEE                  (6-34) 
where ( ) *1*0* /1/1/1 EEEs +=∞ , ( )00*0 1/2 νμ −=E and ( )01*1 1/2 νμ −=E ; ( )∞P  
is the saturated reaction load.  

















Figure 6-10 Influence of the cell interior visco-elasticity on the relaxation curves. 
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Beyond the saturation, the load-depth relation is governed by the long-term 
elastic property. Similarly, there should be a saturation point as well in the 
linear-loading indentation test, beyond this point the long term elasticity will be 
dominant and the increments of the load and the depth still follow the elastic solution, 




* 2+∞=                 (6-35) 
                         ( )∞= *22
2
2 effEChd
Pd                     (6-36) 
Thus the long term reduced modulus may be obtained from a quadratic differential of 
the load with respect to the depth.  
 
Many researchers prefer using linear loading indentation tests to probe the 
mechanical properties of cells due to its easy manipulation. Fig.6-11 compares the 
influence of the loading rates on the load-depth curves of linear loading indentation 
tests. Eq.(6-32) was used to generate these curves. In the calculations, the maximum 
force maxF was 100pN and the total loading time varied at ,1max st =  5s and 10s. It 
can be seen that the slope of the curves is closely related to the loading rate — a 
higher loading rate leads to a steeper load-depth curve, therefore, a higher apparent 
modulus [5]. Since the indentation visco-elastic deformation of cells sometimes can 
be significant, the load-indentation curves can even become linear or sublinear as 
shown Fig.6-12. These linear and sublinear types of load vs. penetration curves have 
been reported by Mathur and co-workers [5]. It can be seen that beside the bilayered 
structure of cells and the pre-tension of cell membranes, visco-elasticity also 
contributes to the linear dependence of the load on the indentation depth.  
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Thus, when the influence of visco-elasticity is significant, a lower loading rate and a 
deeper indentation may be preferable in order to minimize the viscous contribution 
and increase the weight of the nonlinear component in the load-indentation data.   
    
The dissipated energy, or hysteresis, was often used to estimate the visco-elastic 
contribution during a linear-loading indentation test. The hysteresis is calculated as 
the area difference between the loading curve and the unloading curve. It was found 


















Figure 6-11 Influence of loading rate on the load vs. depth curves of the linear 
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that the cell hysteresis increases with indentation velocity [4,5], which is in contrast to 
polymeric materials of which hysteresis decreases with indentation velocity [26]. It 
was found that this seeming contradiction is due to the large difference in the 
visco-elastic characteristic time scale between these two visco-elastic systems. On one 
hand, if the test duration is much shorter than the visco-elastic time scale, i.e., 
01→τlut , where lut  is the loading time, which is assumed to the same as the 
unloading time for simplicity,  the hysteresis is negligible since there is no time for 
visco-deformation to develop (Curve a shown in Fig. 6-13). On the other hand, if the 

















      
Figure 6-12 Linear and sublinear indentation curves. A straight dashed line was drawn  
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test duration is much longer than the visco-elastic time scale, i.e., ∞→1τlut , the 
hysteresis is also negligible as well since the visco-deformation has already been 
saturated after the collection time (Curve c shown in Fig. 6-13). Hence the hysteresis 
should be pronounced between the two extreme cases (Curve b as shown in Fig.6-13). 
Due to the large difference in the visco-elastic time scales between these two 
visco-elastic systems (polymers: hundreds or thousands of seconds; cells: at most 
several seconds), polymeric materials fall in the a-b region while the cells fall in the 
b-c region as shown in Fig.6-13. Therefore, increasing the indentation velocity is 
preferable for the indentation of polymeric materials in order to minimize hysteresis; 
while decreasing the indentation velocity is preferable for the indentation of cells in 




























Increasing indentation velocity 
Figure 6-13 For polymeric materials: the hysteresis decreases with an increase in 
indentation velocity; while for cells: the hysteresis increases with an increase in 
indentation velocity. Two materials systems are distinguished by their visco-elastic 
time scales.  
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6.5 Experimental Verifications and Discussions 
 
6.5.1 Extraction of the Apparent Modulus and the Pre-stress  
 
 The effective elastic modulus and the pre-stress of cell membranes can be 
extracted by using Eq.(6-10) if visco-elasticity is insignificant and the indentation is 
dominated by elastic response. In this section, the formulated indentation model was 
used to fit two sets of indentation data of strongly adherent red blood cells where a 
well-defined membrane tension was introduced [6].  Fig.6-14(a) shows the fitting 
results by Eq.(6-10) with the assumption that visco-elasticity is negligible. The 
thickness of the cell membrane was assumed to take a typical value of 8 nm.   
























It can be seen that the fitting is quite satisfactory except at the very initial segment. 
The deviation of the fitting at the initial sublinear segment is possibly due to the 
visco-deformation of cells since the red blood cell is relatively soft and the total 
suppression of viscoelasticity is impossible. However, the deviation disappears as 
shown in Fig. 6-15 if the indentation data of chicken cardiocytes [27] was used. This 
is because the cardiocytes are relatively hard and the viscoelasticity of the cell is 
negligible [27]. 
 
It can be seen that the fitting is quite satisfactory except at the very initial segment. 
The deviation of the fitting at the initial sublinear segment is possibly due to the 
visco-deformation of cells since the red blood cell is relatively soft and the total 
suppression of visco-elasticity is impossible. However, the deviation disappears as 
shown in Fig. 6-15 if the indentation data of chicken cardiocytes [27] was used. This 
is because the cardiocytes are relatively hard and the visco-elasticity of the cell is 







 Eeff*=12.70KPa,  Tr=0.0pN/nm







Figure 6-14 Fitting two typical load-depth curves of red blood cells by the present elastic 
model. (a) The pre-stress of the cell membrane was considered; (b) The pre-stress of the 
cell membrane was considered was neglected. The hollow circles and squares denote the
experiment results and the solid lines denote the fitting results.  
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negligible [27]. The apparent reduced modulus and the pre-stress extracted by fitting 
with the indentation data are also listed in Fig. 6-14(a). Unlike Hertz model where the 
cell is assumed to be a homogeneous half-space, the current model considers the 
bilayered structure of cells on the first-order approximation. Therefore the mechanical 
properties of the cell membrane can be estimated from the extracted apparent reduced 
modulus if the mechanical behavior of the cell interior is known and vice versa. For 
example, if the Young’s modulus of the cell interior takes a typical value of 0.7KPa 
and the Poisson’s ratio 0.5 [5, 28], the reduced modulus of the cell membrane was 
about 1.89MPa (estimated from KPaEeff 81.11
* = ). This value agrees well with those 
obtained by other technique [29].  
 
The pre-stress of the membrane extracted from the two curves were around 
0.23~0.24pN/nm. This value is lower than that obtained by Sen’s model, that is, 
Tr=0.75~1.25pN/nm [6]. This is understandable because in that model, the bending of 
the cell membrane was neglected and the resistance of the membrane was solely 
attributed to the tension of cell membranes [6]. In the present study, both the bending 
and the tension of cell membranes were considered. It is interesting to see that if the 
pre-stress was neglected, although the fitting at the initial segment of both curves is 
unsatisfactory (see Fig. 6-14(b)), the fitting at deeper indentation was still quite good 
and a comparable apparent modulus could also be extracted. This can be explained by 
the previous finding that the nonlinear component in the load-indentation data is 
insensitive to the pre-stress of cell. This is even clearer if the model was used fit the 
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indentation data of chicken cardiocytes where a large residual stress exists (Fig.6-15).  
 
6.5.2 Extraction of the Visco-elastic Parameters 
 
As discussed in Section 6.4.2, when both the pre-stress of cell membranes and 
the intrinsic visco-elasticity are present, uniqueness of the extraction of mechanical 
parameters may not be ensured especially when the indentation is shallow and the 
linear dependence of load on depth dominates. In this section, the pre-stress of the 







 Eeff*=23.37KPa, T r=1.01pN/nm








Figure 6-15 Fitting the indentation data of chicken cardiocytes by the present 
elastic model with the pre-stress of the cell membrane considered (solid line) and 
neglected (dashed line). The curve was collected from the indentation on the soft 
part of the cell. 19.02 =C  was used to account for the blunt conical tip. 
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membrane was assumed to be absent in order to investigate the intrinsic 
visco-elasticity only. Linear or even sublinear load vs. depth curves have been 
observed during the linear loading AFM indentation on cardiac muscle cells [5]. 
Besides, the effect of visco-elasticity was significant considering finite hysteresis was 
observed. Here the visco-elastic solution to the linear loading test, i.e., Eq.(6-32) was 
used to fit a typical indentation curve of a cardiac cell with an aim to extract the 
mechanical parameters of the soft interior phase. It was assumed that the membrane 
properties were known: its thickness, Young’s modulus and Poisson’s ratio took 
typical values of 8nm, 5MPa, and 0.5, respectively. The total loading time was taken 
as 1s. The inverse analysis using the GA was performed 20 times with each having 
different initial mechanical parameters. The extracted values of the parameters of the 
cell interior are listed in Table 6-1 and the fitting curve is shown in Fig.6-16. For 
comparison, the experimental data was also fitted by Hertz model. It can be seen the 
fitting of the present visco-elastic model was satisfactory since both the 
visco-elasticity and the heterogeneous structure were incorporated in the present 
model. However, the fitting of Hertz model was poor since the two factors were not 
considered. The standard deviation of all of the extracted parameters were rather small 
compared with their mean values, indicating that the uniqueness of the extracted 
parameters.  Moreover, the characteristic relaxation time is 0.87s, which is well 
within the typical range of cells [12]. 
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Table 6-1 Extracted elastic and visco-elastic parameters of the cell interior phase.  
E0(KPa)       ν0            E1(KPa)         η1(KPa.s) 




The indentation of cells using a commercial AFM tip was modeled as that of a 
pre-stressed elastic film/visco-elastic substrate system. Its corresponding elastic 
problem, that is, the indentation of a pre-stressed elastic shell supported by an elastic 
foundation was dealt first since the tangential stress in the bonding interface was 
negligible compared with the normal stress. An analytical solution was derived for 













 Fitting by present model
 Fitting by Hertz model
Figure 6-16 Fitting of the indentation curve of a cardiac muscle cell by the 
present visco-elastic model and by Hertz model. 
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shallow indentations of the bilayered elastic structure. It was found that the cell 
membrane should not be neglected since its contribution to the effective modulus of 
the whole cell was important. Then the solutions were extended to a moderate 
indentation depth by including a quadratic term and verified by FE simulations.  
Subsequently, the visco-elastic solutions to creep tests, relaxation tests and linear 
loading tests were derived using Radok’s method. Parametric studies were conducted 
to investigate the influence of the pre-stress of cell membranes and the intrinsic 
visco-elasticity. To make verification, both the elastic and the visco-elastic solutions 
to the indentation using a commercial AFM tip were used to extract mechanical 
parameters for linear loading indentation tests. Both the apparent elastic modulus and 
the pre-stress were determined from indentations data. 
 
The main contributions of the present study can be summarized as, 
 (1) the contribution of the cell membrane and its pre-tension to the overall 
resistance of a cell to the external mechanical stimuli exerted by a small object is 
important and should not be neglected; while this contribution is negligible if the 
stimuli is exerted by a large object;  
(2) both the modulus and the pre-stress of the cell membrane can be estimated 
by the indentation test using a commercial AFM tip; and the contributions of the 
membrane and the interior soft phase to the overall mechanical properties of a cell can 
be partitioned;  
(3) on a first-order approximation, visco-elasticity was incorporated into the 
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model, which allows several important experimental observations to be explained and 
reproduced; and,  
(4) an efficient inverse analysis method was used to extract the 
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Chapter 7  




The present thesis investigated the feasibility and efficiency in characterizing the 
mechanical properties of visco-elastic and visco-elastic-plastic materials (including 
their thin films) by using nanoindentation techniques. Two classes of materials and 
thin films structures were chosen: polymeric materials and living cells (modeled as 
elastic membranes anchored to visco-elastic half-spaces). It was shown that by using 
the indentation models developed in the study, both the elasto-plastic and the 
visco-elastic properties of these materials can be efficiently determined by indentation 
tests. The main conclusions drawn from individual chapters are summarized as below. 
 
In Chapter 3, flat-ended punch indentations of polymeric materials were 
investigated. Considering the plastic deformations were insignificant in shallow 
indentions, the constitutive relation of the polymeric materials was described by the 
generalized Kelvin model and analytical solutions to the indentation problem were 
derived. It was found to capture the long-time (time scale ~ 2000s) mechanical 
response of polymers, at least two visco-elastic time scales should be included in the 
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constitutive model. The mechanical parameters in the visco-elastic model can be 
efficiently and uniquely determined from experimental indentation data by using the 
analytical solutions and Genetic Algorithm (GA). It was further shown that the 
indentation test is internally linked to the conventional uni-aixal test in terms of the 
same constitutive relation.  
 
In Chapter 4, sharp indentations of polymeric materials were investigated. It was 
found that the plastic deformation in the indentation process was significant. To 
describe the visco-elastic-plastic deformations occurred in the sharp indentation test, a 
visco-elastic-plastic constitutive model was developed by decomposing the total 
strains into elastic, plastic, visco-elastic and visco-plastic components. A five-step test 
scheme was proposed to separate the plastic deformations from the elastic & 
visco-elastic deformations in the indentation tests. From the separated indentation 
deformations, all the mechanical parameters in the constitutive model were uniquely 
determined. It was shown that the mechanical parameters determined by a sharp 
indentation were consistent with those by a flat-ended punch indentation. In addition, 
the constitutive model can give a good prediction of the indentation behaviors in other 
loading conditions. These findings confirm not only the proposed visco-elastic-plastic 
constitutive model and its numerical formulation, but also the test scheme and the 
indentation model.  
 
In Chapter 5, both flat-ended punch indentations and sharp indentations of 
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polymeric films overlying elastic substrates were investigated. For the former, the 
plastic deformation was neglected and semi-analytical solutions were derived for the 
indentation of the visco-elastic film/elastic substrate system. For the latter, the plastic 
deformation was significant and should not be neglected. A visco-elastic indentation 
using an effective flat-ended punch was proposed to reproduce the 
visco-elastic-plastic indentation using a sharp indenter. By using the semi-analytical 
solutions and GA, the visco-elastic properties of the polymeric films can be uniquely 
determined through indentation tests. The results showed that the elastic and 
visco-elastic properties of polymeric films are insensitive to the indentation depth; 
however, the viscosity is sensitive to the indentation depth due to the influence of 
hydrostatic pressure. It was also shown that the severity of the substrate effect is 
internally controlled by the ratio of the contact radius a to the film thickness H, but 
not by the indentation depth h. If the ratio is large (say, a/h=1), the substrate effect is 
significant even if the indentation is very shallow (h/H<0.1). However, if the ratio is 
very small (a/H<0.01), the substrate effect can be neglected.  
 
In Chapter 6, the indentation of a pre-stressed stiff film overlying a soft 
visco-elastic substrate was investigated. On the first-order approximation, the 
bilayered structure was used to model a cell within the context of an indentation test. 
Analytical elastic solutions were firstly derived for shallow indentations and then 
extended to moderate indentations. It was found that the thin membrane should not be 
neglected in interpreting the indentation data when the size of the indenter is 
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comparable with a well defined length scale. This finding implies that the 
conventional Hertz theory [1] or Sneddon’s solution [2] may be insufficient to 
describe the indentation behavior of living cells under the indentation using 
commercial AFM tips. It was further shown that the contributions from the membrane 
and the soft substrate can be partitioned and their mechanical properties can be 
determined individually. It was found that in an indentation test, the dependence of 
the visco-elastic hysteresis on the loading rate is controlled by visco-elastic time 
scales. This finding may explain the fact that the visco-elastic hysteresis of polymeric 
materials decreases with loading rates while the visco-elastic hysteresis of cells 
increases with loading rates. 
 
The indentation methodology developed in this study aims at dealing with the 
complex constitutive relations of visco-elastic-plastic materials and the complex 
three-dimensional indentation problems.  The feasibility of the present methodology 
may be attributed to the adoption of a rigorous basis of mechanics. The explicit 
analytical and semi-analytical solutions ensure the efficiency of the methodology.  
The successful applications of the present methodology to the indentation of 
polymeric materials and living cells allow one to study other important issues, such as 
the reliability of polymeric low-k films, and the influence of drugs or virus on cells. 
   
7.2 Suggestions for Future Work 
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Although time-dependent mechanical properties of polymeric materials were 
systematically addressed, the pressure-dependent mechanical properties of polymeric 
materials were not considered in the present work. In Chapter 5, it was shown that the 
extracted viscosity coefficient of polymeric films is dependent on the indentation 
depth due to the influence of hydrostatic pressure, implying that the 
pressure-dependent mechanical properties may play an important role in the 
nanoindentation of polymeric films. An important future work is to refine the present 
indentation model to include the pressure-dependent effect.  
 
During the AFM indentation on cells (Chapter 6), the adhesion between the 
AFM tips and cell surfaces often may play an important role. This adhesion is usually 
mediated by the binding of receptor-ligand pairs and the recruiting of receptors and 
ligands. In the present indentation model, this adhesion is ignored. An important 
question is: does the adhesion affect the accuracy of the extraction of the mechanical 
parameters of cells by using AFM? Undoubtedly an important future work is to 
answer this question.  
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